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2 W e l l - p o s e d n e s s
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M a t h e m a t i c a l m o d e l l i n g
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W h a t i s p o r o e l a s t i c i t y I

p o r o e l a s t i c i t y = p o r o u s m e d i a f l o w + e l a s t i c i t y

PRESSURE

FLUID MOTION

STRESS

DEFORMATION
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W h a t i s p o r o e l a s t i c i t y I I

E x a m p l e s o f d e f o r m a b l e p o r o u s m e d i a

• s o i l s , r o c k s
• b i o l o g i c a l t i s s u e s
• b u i l d i n g m a t e r i a l s
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O v e r v i e w o f l i t e r a t u r e

• K . T e r z a g h i ( 1 9 2 3 , 1 9 2 5 )
• M . A . B i o t ( 1 9 4 1 )
• F . G a s s m a n n ( 1 9 5 1 )
• E . D e t o u r n a y a n d A . H . - D . C h e n g ( 1 9 9 3 )
• A . V e r r u i j t ( 2 0 1 6 ) K . T e r z a g h i

( 1 8 8 3 - 1 9 6 3 )

M . A . B i o t

( 1 9 0 5 - 1 9 8 5 )
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D e r i v a t i o n o f B i o t m o d e l

G e n e r a l a s s u m p t i o n s

• m a c r o s c o p i c a l l y h o m o g e n e o u s m a t e r i a l
• 2 c o m p o n e n t s : s o l i d s k e l e t o n + f l u i d f i l l e d p o r e s
• l i n e a r l y e l a s t i c s o l i d s k e l e t o n
• i n t e r c o n n e c t e d p o r e s

p o r o s i t y :

φ =
Ǆ
f

Ǆ

= 1 −
Ǆ s

Ǆ
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D e r i v a t i o n o f B i o t m o d e l

D r a i n e d a n d u n d r a i n e d d e f o r m a t i o n s

U n d r a i n e d d e f o r m a t i o n :

• f l u i d i s e n t r a p p e d i n t h e d o m a i n
• s t r e s s i s c a r r i e d b y

• c o m p r e s s i o n o f f l u i d
• c o m p r e s s i o n o f s o l i d p a r t i c l e s
• r e a r r a n g e m e n t o f s o l i d s k e l e t o n

D r a i n e d d e f o r m a t i o n :

• f l u i d c a n f l o w i n / o u t
• s t r e s s i s c a r r i e d o n l y b y s o l i d
p a r t i c l e s a n d s k e l e t o n

• c o n s o l i d a t i o n t a k e s t i m e d u e t o l o w
p e r m e a b i l i t y
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D e r i v a t i o n o f B i o t m o d e l

U n d r a i n e d c o m p r e s s i o n t e s t

• h y d r a u l i c a l l y i s o l a t e d s a m p l e
• a p p l i e d s t r e s s ∆σ = ∆p︸︷︷︸

p o r e p r e s s u r e

+(∆σ− ∆p )︸ ︷︷ ︸
e f f e c t i v e s t r e s s

• v o l u m e c h a n g e o f p o r o u s m e d i u m :

∆Ǆ

Ǆ

= −C s ∆p︸ ︷︷ ︸
d e f o r m a t i o n d u e

t o p o r e p r e s s u r e

−C m (∆σ− ∆p )︸ ︷︷ ︸
d e f o r m a t i o n ( r e a r r a n g e -

m e n t o f p a r t i c l e s ) a t c o n -

s t a n t p o r e p r e s s u r e

= −φC
f
∆p︸ ︷︷ ︸

d e f o r m a t i o n o f f l u i d

−(1 − φ)C s

(
∆p +

∆σ− ∆p

1 − φ

)
︸ ︷︷ ︸

d e f o r m a t i o n o f s o l i d p a r t i c l e s

∆σ ∆σ

∆σ

∆σ

c o m p r e s s i b i l i t i e s :

C
f
- f l u i d

C s - s o l i d p a r t i c l e s

C m - p o r o u s m e d i u m
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D e r i v a t i o n o f B i o t m o d e l

U n d r a i n e d c o m p r e s s i o n t e s t

S k e m p t o n p o r e p r e s s u r e c o e f f i c i e n t :

B :=
∆p

∆σ
=

C m − C s
(C m − C s ) + φ(C

f
− C s )

< 1 i f C
f
, C s > 0

D e c o m p o s i t i o n o f t o t a l s t r e s s t e n s o r i n t o e f f e c t i v e s t r e s s a n d p o r e p r e s s u r e :

σ = σ ′ − αp I , α = B i o t - W i l l i s c o e f f i c i e n t

S i g n c o n v e n t i o n : c o m p r e s i v e s t r e s s n e g a t i v e

F o r i s o t r o p i c m e d i a :

∆Ǆ

Ǆ

= ε = C m ∆σ
′ = C m (∆σ+ α∆p ) ⇒ α = 1 −

C s

C m
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D e r i v a t i o n o f B i o t m o d e l

B a l a n c e l a w s

A s s u m p t i o n : T i m e s c a l e o f m e c h a n i c s � t i m e s c a l e o f p o r o u s m e d i a f l o w
E q u i l i b r i u m e q u a t i o n s f o r t o t a l s t r e s s :

− divσ = − divσ ′ + α∇p = f

H o o k e ’s l a w :

σ ′ = C ε(u ) ⇔ ε(u ) = C −1 σ ′

I s o t r o p i c m e d i a :

C ε = 2 G ε+ (K − 2

3
G )(tr ε)I , K =

1

C m

K . . . b u l k m o d u l u s

G . . . s h e a r m o d u l u s
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D e r i v a t i o n o f B i o t m o d e l

B a l a n c e l a w s

C o n s e r v a t i o n o f m a s s :

∂t (φρf ) + div(φρ
f
v ) = 0 ∂t ((1 − φ)ρs ) + div((1 − φ)ρs w ) = 0

D e n s i t y o f f l u i d a n d s o l i d :

ρ
f
(p ) = ρ

f 0
exp(C

f
p ) ρs (p ,σ) = ρ

s 0
exp

(
C s

1 −φ(φp − σ)
)

C o n s e r v a t i o n o f m a s s f o r p o r o u s m e d i u m :

div w + div(φ(v − w )) + φ(C
f
− C s )∂t p − C s ∂t σ = 0

q := φ(v − w ) ( s p e c i f i c d i s c h a r g e )

σ := σ ′ − αp = div u /C m − αp ( i s o t r o p i c s t r e s s )

S := φC
f
+ (α− φ)C s ( s t o r a t i v i t y )
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D e r i v a t i o n o f B i o t m o d e l

B a l a n c e l a w s

C o n s e r v a t i o n o f m a s s o f p o r o u s m e d i u m ( s t o r a g e e q u a t i o n ) :

α∂t div u + S ∂t p = − div q

D a r c y ’s l a w :

q = −
κ

µ
∇(p − ρ

f
g e︸ ︷︷ ︸

h y d r o s t a t i c

p r e s s u r e

) = −k ∇
(
p

ρ
f
g

− e

)
︸ ︷︷ ︸
p i e z o m e t r i c h e a d

κ. . . p e r m e a b i l i t y ( g e n e r a l l y t e n s o r )

µ. . . f l u i d v i s c o s i t y

e . . . e l e v a t i o n

k . . . h y d r a u l i c c o n d u c t i v i t y ( g e n e r a l l y t e n s o r )

g . . . g r a v i t a t i o n a l a c c e l e r a t i o n
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B i o t s y s t e m

A s s u m i n g ρ
f
g = 1 , t h e p o r o e l a s t i c i t y e q u a t i o n s r e a d :

− div(C ε(u )) + α∇p = f

∂t (S p + α div u ) − div(k ∇p ) = b

}
i n (0 , T )×Ω

• C o u p l e d l i n e a r e l l i p t i c - p a r a b o l i c s y s t e m w i t h u n k n o w n s (u , p )
• I n i t i a l c o n d i t i o n - o n l y f o r f l o w :

p (0 , ·) = p
0
i n Ω

• B o u n d a r y c o n d i t i o n s :

F l o w : p = p
D
o n (0 , T )× Γ

D f
q · n = q

N
o n (0 , T )× Γ

N f

M e c h a n i c s : u = u
D
o n (0 , T )× Γ

D m
σ ′
n = t

N
o n (0 , T )× Γ

N m
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G e n e r a l i z a t i o n s a n d d e p a r t u r e s f r o m p o r o e l a s t i c i t y

• D y n a m i c e l a s t i c i t y . . . h y p e r b o l i c - p a r a b o l i c s y s t e m :

ρ∂2
t t
u︸ ︷︷ ︸

i n e r t i a l t e r m

+ λ∗∇∂t div u︸ ︷︷ ︸
s e c o n d a r y c o n s o l i d a t i o n t e r m

− div(C ε(u )) + α∇p = f

• I n i t i a l ( r e f e r e n c e ) s t r e s s - i m p o r t a n t f o r n o n l i n e a r p r o b l e m s :

σ = (σ ′ − σ
0
) − αp I

• H y d r o - m e c h a n i c a l p a r a m e t e r c o u p l i n g , e . g . k = k (u ,σ)
• U n s a t u r a t e d f l o w
• N o n - l i n e a r m e c h a n i c s : p l a s t i c i t y , d a m a g e , f r a c t u r e m e c h a n i c s
• T h e r m o - p o r o - e l a s t i c i t y
• . . .
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W e l l - p o s e d n e s s
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B i o t s y s t e m

A p r i o r i e s t i m a t e

• F o r s i m p l i c i t y w e a s s u m e h o m o g e n e o u s b . c . : p = 0 , u = 0 o n (0 , T )× ∂Ω

• D i f f e r e n t i a t e e l a s t i c i t y e q u a t i o n w . r . t o t i m e , m u l t i p l y b y ∂t u , a n d i n t e g r a t e :∫
Ω

∂t u ∂t (− div(C ε(u )) + α∇p ) =

=

∫
Ω

C ε(∂t u ) : ε(∂t u )−α

∫
Ω

∂t p div ∂t u =

∫
Ω

∂t u · ∂t f

• M u l t i p l y s t o r a g e ( f l o w ) e q u a t i o n b y ∂t p a n d i n t e g r a t e :∫
Ω

∂t p (∂t (S p + α div u ) − div(k ∇p )) =

= S

∫
Ω

|∂t p |
2 +α

∫
Ω

∂t p div ∂t u + k

∫
Ω

∂t ∇p · ∇p =

∫
Ω

b ∂t p

• S u m b o t h e q u a t i o n s . . .
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B i o t s y s t e m

A p r i o r i e s t i m a t e

• S u m o f b o t h e q u a t i o n s :∫
Ω

C ε(∂t u ) : ε(∂t u ) + S

∫
Ω

|∂t p |
2 +
k

2

d
dt

∫
Ω

|∇p |2 =
∫
Ω

∂t u · ∂t f +
∫
Ω

b ∂t p

• I n t e g r a t e w . r . t o t i m e :∫τ
0

∫
Ω

C ε(∂t u ) : ε(∂t u ) + S

∫τ
0

∫
Ω

|∂t p |
2 +
k

2

∫
Ω

|∇p |2 (τ)

=

∫τ
0

∫
Ω

(∂t u · ∂t f + b ∂t p ) +
k

2

∫
Ω

|∇p
0
|2

• I f C ε : ε > 2 G |ε|2 , S , k > 0 t h e n t h e r e i s a c o n s t a n t C = C (G , S , k ) > 0 :∫
T

0

(
‖∇∂t u ‖22 + ‖∂t p ‖22

)
+ sup

τ∈(0 ,T )
‖∇p ‖2

2
(τ) 6 C

∫
T

0

(
‖∂t f ‖22 + ‖b ‖2

2

)
+‖∇p

0
‖2
2

Poroelasticity | Well-posedness 18/68



B i o t s y s t e m

W e a k s o l u t i o n

W e a k f o r m u l a t i o n o f B i o t p r o b l e m ( B )

F i n d u ∈ H 1 (0 , T ; H 1
0
(Ω)), p ∈ L ∞(0 , T ; H 1

0
(Ω)) ∩ H 1 (0 , T ; L 2 (Ω)) s . t .

• p (0 , ·) = p
0
i n Ω;

• ∀v ∈ H 1
0
(Ω) a n d a . e . t ∈ (0 , T ):∫

Ω

[C ε(u (t )) : ε(v ) − αp (t ) div v ] =

∫
Ω

f (t ) · v ;

• ∀q ∈ H 1
0
(Ω) a n d a . e . t ∈ (0 , T ):∫

Ω

[∂t (S p (t ) + α div u (t ))q + k ∇p (t ) · ∇q ] =
∫
Ω

b (t )q .
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B i o t s y s t e m

E x i s t e n c e o f w e a k s o l u t i o n s

A s s u m p t i o n s :

• ∀ε : C ε : ε > 2 G |ε|2 + (K − 2

3
G )| tr ε|2

• S , k > 0
• p

0
∈ H 1

0
(Ω), f ∈ H 1 (0 , T ; L 2 (Ω)), b ∈ L 2 (0 , T ; L 2 (Ω))

T h e o r e m

U n d e r t h e a b o v e a s s u m p t i o n s , p r o b l e m ( B ) h a s a u n i q u e s o l u t i o n .

R e f e r e n c e s :

• A . Ž e n í š e k ( 1 9 8 4 ) : w e a k s o l u t i o n s , S = 0

• R . E . S c h o w a l t e r ( 2 0 0 0 ) : s t r o n g a n d w e a k s o l u t i o n s , q u a s i s t a t i c / d y n a m i c
c a s e
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A p p r o x i m a t i o n
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A p p r o x i m a t i o n o f t w o - f i e l d f o r m u l a t i o n o f B i o t s y s t e m I

T w o - f i e l d ( p r i m a l ) f o r m u l a t i o n (u , p ):

− div(C ε(u )) + α∇p = f

∂t (S p + α div u ) − div(k ∇p ) = b

T e m p o r a l s e m i d i s c r e t i z a t i o n ( e . g . i m p l i c i t E u l e r ’s m e t h o d w i t h e q u i d i s t a n t

t i m e s t e p p i n g , ∆t = T /N , t
i
= i∆t , i = 1 , ..., N ) :

(C ε(u (t
i
)), ε(v )) − (αp (t

i
), div v ) = (f (t

i
), v )

(α div u (t
i
), q ) + (S p (t

i
), q ) + ∆t (k ∇p (t

i
),∇q ) = (∆t b (t

i
) + S p (t

i−1 ) + α div u (t
i−1 ), q )

I n o p e r a t o r f o r m : [
A −B>

B C

] [
u (t
i
)

p (t
i
)

]
=

[
f
i

b
i

]
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A p p r o x i m a t i o n o f t w o - f i e l d f o r m u l a t i o n o f B i o t s y s t e m I I

• S k e w - s y m m e t r i c s a d d l e - p o i n t s t r u c t u r e ;
• F o r s m a l l S a n d ∆t k , C ≈ 0 . . . B i o t ≈ S t o k e s :[

A −B>

B 0

] [
u (t
i
)

p (t
i
)

]
=

[
f
i

b
i

]
F i n i t e e l e m e n t d i s c r e t i z a t i o n :

• f o r s u f f i c i e n t l y l a r g e S , a r b i t r a r y P k / P l f i n i t e e l e m e n t s w o r k ( k , l = 1 , 2 , ...) ;
• f o r s m a l l S , s p u r i o u s p r e s s u r e o s c i l l a t i o n s c a n a p p e a r ⇒ u s e S t o k e s - s t a b l e
p a i r ( e . g . T a y l o r - H o o d P

k +1
/ P
k
o r M I N I e l e m e n t )
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A p p r o x i m a t i o n o f t w o - f i e l d f o r m u l a t i o n o f B i o t s y s t e m I I I

P
1

P
2

P
3

M I N I

• i n g e o s c i e n c e s , u s u a l l y l o w e s t o r d e r a p p r o x i m a t i o n s a r e u s e d
• s t r e s s a n d f l u x a r e c o m p u t e d u s i n g s o l u t i o n g r a d i e n t
⇒ w o r s e F E a p p r o x i m a t i o n

• r e m e d y : m i x e d / d u a l f o r m u l a t i o n s
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A p p r o x i m a t i o n o f t h r e e - f i e l d f o r m u l a t i o n o f B i o t s y s t e m I

T h r e e - f i e l d ( p r i m a l - d u a l ) f o r m u l a t i o n (u , p , q ):

• a d d i t i o n a l u n k n o w n q g i v e n b y D a r c y ’s l a w

− div(C ε(u )) + α∇p = f

∂t (S p + α div u ) + div q = b

k
−1
q +∇p = 0

O p e r a t o r f o r m o f t i m e - s e m i d i s c r e t i z e d p r o b l e m :A −B>
0

B C D

0 −D> E

u (t i )p (t
i
)

q (t
i
)

 =

 f ib
i

0


• t w o - f o l d s k e w - s y m m e t r i c s a d d l e - p o i n t s t r u c t u r e
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A p p r o x i m a t i o n o f t h r e e - f i e l d f o r m u l a t i o n o f B i o t s y s t e m I I

F E / F V d i s c r e t i z a t i o n :

• s t a b l e p r e s s u r e - f l u x p a i r : e . g . P k / R T k , P k / B D M k +1 , k = 0 , 1 , ..., o r f i n i t e
v o l u m e m e t h o d s P

0
/ T P F A , P

0
/ M P F A

• s t a b l e d i s p l a c e m e n t - p r e s s u r e p a i r : f o r l o w e s t o r d e r p r e s s u r e s p a c e , P 2 / P 0
w o r k s i n 2 D , i n 3 D m o r e d e l i c a t e i s s u e

R T
0

R T
1

B D M
1

B D M
2
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A p p r o x i m a t i o n o f t h r e e - f i e l d f o r m u l a t i o n o f B i o t s y s t e m I I I

T w o - p o i n t / m u l t i - p o i n t f l u x a p p r o x i m a t i o n F V s c h e m e s
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A p p r o x i m a t i o n o f f i v e - f i e l d f o r m u l a t i o n o f B i o t s y s t e m I

F i v e - f i e l d ( d u a l - d u a l ) f o r m u l a t i o n (σ, r , u , p , q ):

• a d d i t i o n a l u n k n o w n σ g i v e n b y H o o k e ’s l a w
• s y m m e t r y o f σ e n f o r c e d w e a k l y . . . L a g r a n g e m u l t i p l i e r r

− divσ = f

∂t (S p + α tr(C −1 (σ+ αp I ))) + div q = b

k
−1
q +∇p = 0

C
−1 (σ+ αp I ) −∇u + as∗ r = 0

asσ = 0
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A p p r o x i m a t i o n o f f i v e - f i e l d f o r m u l a t i o n o f B i o t s y s t e m I I

O p e r a t o r f o r m o f t i m e - s e m i d i s c r e t i z e d p r o b l e m :
A B> C> D>

0

−B 0 0 0 0

−C 0 0 0 0

D 0 0 E F>

0 0 0 −F G



σ(t
i
)

r (t
i
)

u (t
i
)

p (t
i
)

q (t
i
)

 =


0

0

f
i

b
i

0


• b l o c k - s y m m e t r i c s a d d l e - p o i n t p r o b l e m

F E / F V d i s c r e t i z a t i o n :

• s t a b l e m i x e d e l a s t i c i t y s p a c e s : e . g . σ ∈ B D M 1 , u ∈ P 0 , r ∈ P 0 o r M P S A / P 0 / P 0

• o t h e r v a r i a b l e s s i m i l a r a s i n p r e v i o u s c a s e
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S i m p l e p r o b l e m s I

T e r z a g h i ’ s 1 D p r o b l e m

• c o n f i n e d s o i l s a m p l e p l a c e d i n c o n t a i n e r w i t h
l i q u i d

• b o t t o m s i d e i m p e r m e a b l e , t o p f u l l y d r a i n e d a n d
s u b j e c t e d t o c o n s t a n t v e r t i c a l s t r e s s

• d u e t o s y m m e t r y t h e p r o b l e m c a n b e s o l v e d i n
1 D

• a n a l y t i c a l s o l u t i o n b y T e r z a g h i ( 1 9 2 3 ) i n t h e
f o r m o f i n f i n i t e s e r i e s

h

• a p p l i e d s t r e s s i n d u c e s s u d d e n i n c r e a s e o f p r e s s u r e i n t h e s a m p l e
• a f t e r c o n s o l i d a t i o n , t h e p r e s s u r e d r o p s t o t h e e x t e r n a l l e v e l
• d u e t o l o w p e r m e a b i l i t y , c o n s o l i d a t i o n t a k e s c e r t a i n t i m e
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S i m p l e p r o b l e m s I I

T h e 1 D B i o t p r o b l e m c a n b e r e d u c e d t o a s c a l a r

p a r a b o l i c e q u a t i o n

∂t p = c v ∂
2

x x
p , c v =

k

S + α2

K + 4
3
G

T h e q u a n t i t y c v t /h
2
i n d i c a t e s w h e t h e r t h e

s y s t e m i s c o n s o l i d a t e d o r n o t . I n t h i s p r o b l e m ,

f o r

c v t

h
2

> 2

t h e p r e s s u r e i s a l m o s t c o n s t a n t .

0.0 0.2 0.4 0.6 0.8 1.0
p/p0

0.2

0.4

0.6

0.8

1.0

z/
h

cvt/h2=0.001
cvt/h2=0.01
cvt/h2=0.1
cvt/h2=1
cvt/h2=2

Terzaghi's problem
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S i m p l e p r o b l e m s I I I

M a n d e l ’ s p r o b l e m

• r e c t a n g u l a r s a m p l e s u b j e c t e d t o c o n s t a n t v e r t i c a l
s t r e s s

• l a t e r a l s i d e s d r a i n e d , t o p a n d b o t t o m i m p e r m e a b l e
• s e m i - a n a l y t i c a l s o l u t i o n b y M a n d e l ( 1 9 6 3 ) i n t h e
f o r m o f i n f i n i t e s e r i e s , d e p e n d i n g o n r o o t s o f a

n o n l i n e a r e q u a t i o n

• a f t e r c o n s o l i d a t i o n p e r i o d , p r e s s u r e d r o p s t o
e x t e r i o r p r e s s u r e

• d u e t o l o w p e r m e a b i l i t y a n d s u d d e n p r e s s u r e d r o p
o n l a t e r a l s i d e s , p r e s s u r e t e m p o r a r i l y i n c r e a s e s

i n s i d e t h e d o m a i n ( M a n d e l - C r y e r e f f e c t )

F

2a
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S i m p l e p r o b l e m s I V

0.0 0.2 0.4 0.6 0.8 1.0
x/a

 0

0.2

0.4

0.6

0.8

 1

p/
p 0

cvt/a2=0
cvt/a2=0.01
cvt/a2=0.1
cvt/a2=0.5
cvt/a2=1

Mandel's problem: analytical solution

0.0 0.2 0.4 0.6 0.8 1.0
x/a

 0

0.25

0.5

0.75

 1

1.25

1.5

p/
p 0

P1/P1
P2/P1

Mandel's problem: FEM solution

L e f t : A n a l y t i c a l s o l u t i o n o f p r e s s u r e , r i g h t : c o m p a r i s o n o f F E M s o l u t i o n s .
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I t e r a t i v e s p l i t t i n g
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I t e r a t i v e s p l i t t i n g s

• B i o t p r o b l e m i s f u l l y c o u p l e d
• M o n o l i t h i c s o l u t i o n i s u n c o n d i t i o n a l l y s t a b l e , b u t l a r g e p r o b l e m s n e e d
s u i t a b l e p r e c o n d i t i o n e r s

• S p l i t t i n g o f m e c h a n i c s a n d f l o w c a n b e a d v a n t a g e o u s b u t r e q u i r e s c a r e f u l
d e s i g n

flow

mechanics
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I t e r a t i v e s p l i t t i n g s o f s k e w - s y m m e t r i c p r o b l e m s I

T h e d i s c r e t i z e d t w o - a n d t h r e e - f i e l d f o r m u l a t i o n o f B i o t s y s t e m h a s

s k e w - s y m m e t r i c s a d d l e - p o i n t s t r u c t u r e :[
A −B >

B C

] [
x
1

x
2

]
=

[
f
1

f
2

]
B l o c k G a u s s - S e i d e l m e t h o d ( B G S ) :[

A −B >

0 C

] [
x
i+1
1

x
i+1
2

]
+

[
0 0

B 0

] [
x
i

1

x
i

2

]
=

[
f
1

f
2

]
I t c a n b e s h o w n t h a t B G S c o n v e r g e s o n l y i f C � B A −1

B
> ⇒ c o n d i t i o n a l

c o n v e r g e n c e .
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I t e r a t i v e s p l i t t i n g s o f s k e w - s y m m e t r i c p r o b l e m s I I

T h i s g i v e s t h e f i x e d - s t r a i n s p l i t t i n g :

1 G i v e n u
i
, f i n d p

i+1
:

∂t (S p
i+1 + α div u i ) − div(k ∇p i+1 ) = b

2 G i v e n p
i+1
, f i n d u

i+1
:

− div(C ε(u i+1 )) + α∇p i+1 = f

T h e o r e m ( C o n d i t i o n a l c o n v e r g e n c e o f f i x e d - s t r a i n s p l i t t i n g )

T h e f i x e d - s t r a i n s p l i t t i n g m e t h o d i s c o n v e r g e n c t u n d e r t h e c o n d i t i o n

S >
α2

K

.
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I t e r a t i v e s p l i t t i n g s o f s k e w - s y m m e t r i c p r o b l e m s I I I

P r o o f :

• d i f f e r e n c e s (δi+1
p

, δi
u
) := (p i+1 − p i , u i − u i−1 ) s a t i s f y :

∂t (S δ
i+1
p

+ α div δi
u
) − div(k ∇δp i+1 ) = 0

− div(C ε(δi
u
)) + α∇δp i = 0

• m u l t i p l y b y ∂t δi+1p / d i f f e r e n t i a t e a n d m u l t i p l y b y ∂t δ
i

u
a n d i n t e g r a t e :

S

∥∥∥∂t δi+1p ∥∥∥2
2

+ k
d
dt

∥∥∥∇δi+1
p

∥∥∥2
2

+ K
∥∥∥div ∂t δiu ∥∥∥2

2

+ α(∂t δ
i+1
p

, div ∂t δ
i

u
)︸ ︷︷ ︸

6α2

2 K

∥∥∥∂t δi+1p ∥∥∥2
2

+ K
2

∥∥div∂t δiu ∥∥22
6 α(∂t δ

i

p
, div ∂t δ

i

u
)︸ ︷︷ ︸

6α2

2 K

∥∥∂t δip ∥∥2
2
+ K
2

∥∥div∂t δiu ∥∥22
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I t e r a t i v e s p l i t t i n g s o f s k e w - s y m m e t r i c p r o b l e m s I V

• r e s u l t : (
S −

α2

2 K

)∥∥∥∂t δi+1p ∥∥∥2
2

+ k
d
dt

∥∥∥∇δi+1
p

∥∥∥2
2

6
α2

2 K

∥∥∥∂t δip ∥∥∥2
2

• c o n v e r g e n c e i f

S −
α2

2 K

>
α2

2 K

⇔ S >
α2

K
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I t e r a t i v e s p l i t t i n g s o f s k e w - s y m m e t r i c p r o b l e m s V

S t a b i l i z e d B G S : S c h u r c o m p l e m e n t a p p r o a c h[
A −B >

B C

] [
x
1
− x i

1

x
2
− x i

2

]
=

[
f
1

f
2

]
−

[
A −B >

B C

] [
x
i

1

x
i

2

]
B l o c k L U f a c t o r i z a t i o n g i v e s ( S = B A −1

B
>
) :[

I 0

B A
−1

I

] [
A −B >

0 C + S

] [
x
1
− x i

1

x
2
− x i

2

]
=

[
f
1

f
2

]
−

[
A −B >

B C

] [
x
i

1

x
i

2

]
T h i s l e a d s t o a n i t e r a t i v e s c h e m e w i t h a p p r o x i m a t e S c h u r c o m p l e m e n t S̃ :[

I 0

B A
−1

I

] [
A −B >

0 C + S̃

][
x
i+1
1

− x i
1

x
i+1
2

− x i
2

]
=

[
f
1

f
2

]
−

[
A −B >

B C

] [
x
i

1

x
i

2

]
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I t e r a t i v e s p l i t t i n g s o f s k e w - s y m m e t r i c p r o b l e m s V I

A p p l y i n g t h e i n v e r s e o f t h e f i r s t m a t r i x w e g e t :[
A −B >

0 C + S̃

][
x
i+1
1

− x i
1

x
i+1
2

− x i
2

]
=

[
f
1

f
2

]
−

[
A −B >

B C

] [
x
i

1

x
i

2

]
T h i s c a n b e r e w r i t t e n a s a s t a b i l i z e d B G S :[

0 0

0 S̃

] [
x
i+1
1

− x i
1

x
i+1
2

− x i
2

]
+

[
A −B >

0 C

] [
x
i+1
1

x
i+1
2

]
+

[
0 0

B 0

] [
x
i

1

x
i

2

]
=

[
f
1

f
2

]
o r a l t e r n a t i v e l y a s a p r e c o n d i t i o n e d R i c h a r d s o n m e t h o d :

[
x
i+1
1

x
i+1
2

]
=

[
x
i

1

x
i

2

]
+

[
A −B >

0 C + S̃

]−1 ([
f
1

f
2

]
−

[
A −B >

B C

] [
x
i

1

x
i

2

])
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I t e r a t i v e s p l i t t i n g s o f s k e w - s y m m e t r i c p r o b l e m s V I I

A p p l i c a t i o n o n t w o - f i e l d B i o t s y s t e m :

• A p p r o x i m a t e S c h u r c o m p l e m e n t : s c a l e d L 2 - p r o d u c t β(p , q )
• R e s u l t : F i x e d - s t r e s s s p l i t t i n g

1 G i v e n (u i , p i ), f i n d p i+1 :

β∂t (p
i+1 − p i ) + ∂t (S p

i+1 + α div u i ) − div(k ∇p i+1 ) = b

2 G i v e n p
i+1
, f i n d u

i+1
:

− div(C ε(u i+1 )) + α∇p i+1 = f

T h e o r e m ( U n c o n d i t i o n a l c o n v e r g e n c e o f f i x e d - s t r e s s s p l i t t i n g )

T h e f i x e d - s t r e s s s p l i t t i n g m e t h o d i s c o n v e r g e n t i f β > 1

2

α2

K
. F a s t e s t c o n v e r g e n c e

i s o b t a i n e d f o r β = 1

2

α2

K
.
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I t e r a t i v e s p l i t t i n g s o f s k e w - s y m m e t r i c p r o b l e m s V I I I

P r o o f :

• d i f f e r e n c e s (δi+1
p

, δi
u
) s a t i s f y :

(S + β)∂t δ
i+1
p

− div(k ∇δp i+1 ) + α div ∂t δ
i

u
= β∂t δ

i

p

− div(C ε(δi
u
)) + α∇δp i = 0

• m u l t i p l y b y ∂t δi+1p / d i f f e r e n t i a t e a n d m u l t i p l y b y ∂t δ
i

u
a n d i n t e g r a t e :

(S + β)
∥∥∥∂t δi+1p ∥∥∥2

2

+ k
d
dt

∥∥∥∇δi+1
p

∥∥∥2
2

+ K
∥∥∥div ∂t δiu ∥∥∥2

2

+ α(∂t δ
i+1
p

, div ∂t δ
i

u
) 6 (∂t δ

i

p
,β∂t δ

i+1
p

+ α div ∂t δ
i

u︸ ︷︷ ︸
=:σ

)

6
β

2

∥∥∥∂t δip ∥∥∥2
2

+
1

2 β
‖σ‖2

2
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I t e r a t i v e s p l i t t i n g s o f s k e w - s y m m e t r i c p r o b l e m s I X

• p o l a r i z a t i o n i d e n t i t y :

α(∂t δ
i+1
p

, div ∂t δ
i

u
) =

1

2 β
‖σ‖2

2
−

β

2

∥∥∥∂t δi+1p ∥∥∥2
2

−
α2

2 β

∥∥∥div ∂t δiu ∥∥∥2
2

• r e s u l t :(
S +

β

2

)∥∥∥∂t δi+1p ∥∥∥2
2

+ k
d
dt

∥∥∥∇δi+1
p

∥∥∥2
2

+
1

2 β
‖σ‖2

2
+

(
K −

α2

2 β

)∥∥∥div ∂t δiu ∥∥∥2
2

6
β

2

∥∥∥∂t δip ∥∥∥2
2

+
1

2 β
‖σ‖2

2

• c o n v e r g e n c e i f

K −
α2

2 β
> 0 ⇔ β >

α2

2 K
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I t e r a t i v e s p l i t t i n g s o f s k e w - s y m m e t r i c p r o b l e m s X

O n e c a n a l s o s w i t c h t h e o r d e r o f e l a s t i c i t y a n d f l o w

• A p p r o x i m a t e S c h u r c o m p l e m e n t : s c a l e d d i v e r g e n c e γ div(u i+1 − u i )
• R e s u l t i n g s c h e m e : u n d r a i n e d s p l i t t i n g

1 G i v e n (u i , p i ), f i n d u i+1 :

− div(γ div(u i+1 − u i )I + C ε(u i+1 )) + α∇p i = f

2 G i v e n u
i+1
, f i n d p

i+1
:

∂t (S p
i+1 + α div u i+1 ) − div(k ∇p i+1 ) = b

T h e o r e m ( U n c o n d i t i o n a l c o n v e r g e n c e o f u n d r a i n e d s p l i t t i n g )

T h e u n d r a i n e d s p l i t t i n g m e t h o d i s c o n v e r g e n t f o r γ > α2

2 S
.
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I t e r a t i v e s p l i t t i n g s o f s k e w - s y m m e t r i c p r o b l e m s X I

R e m a r k s :

• S t a b l e s c h e m e s : f i x e d - s t r e s s a n d u n d r a i n e d s p l i t
• F i x e d - s t r e s s s p l i t g e n e r a l l y h a s f a s t e r c o n v e r g e n c e
• U n d r a i n e d s p l i t a d d s c o n s t r a i n t s o n d i s c r e t i z a t i o n o f e l a s t i c i t y t o a v o i d
s p u r i o u s o s c i l l a t i o n s

• R e f e r e n c e s : M i k e l i ć a n d W h e e l e r ( 2 0 1 3 ) , W h i t e e t a l . ( 2 0 1 6 ) , B o t h e t a l .
( 2 0 1 7 )
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I t e r a t i v e s p l i t t i n g o f s y m m e t r i c p r o b l e m s I

T h e d i s c r e t i z e d f i v e - f i e l d f o r m u l a t i o n o f B i o t s y s t e m h a s s y m m e t r i c s a d d l e - p o i n t

s t r u c t u r e : [
A B

>

B C

] [
x
1

x
2

]
=

[
f
1

f
2

]
S i n c e t h e m a t r i x i s b l o c k w i s e s . p . d . , t h e B G S i s e q u i v a l e n t t o a l t e r n a t i n g

m i n i m i z a t i o n

x
i

1
→ x i

2
:= argmin

y

Ĉ (x i
1
, y ), x

i

2
→ x i+1

1
:= argmin

y

Ĉ (y , x i
2
)

o f t h e q u a d r a t i c f u n c t i o n a l

Ĉ (x
1
, x
2
) =

(
1

2

[
A B

>

B C

] [
x
1

x
2

]
−

[
f
1

f
2

])
·
[
x
1

x
2

]
T h i s m e t h o d i s u n c o n d i t i o n a l l y s t a b l e .
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I t e r a t i v e s p l i t t i n g o f s y m m e t r i c p r o b l e m s I I

R e s u l t i n g s c h e m e : f i x e d - s t r e s s s p l i t t i n g

1 G i v e n σi , f i n d (p i+1 , q i+1 ):

∂t (S p
i+1 + α tr(C −1 (σi + αp i+1 I ))) + div q i+1 = b

k
−1
q
i+1 +∇p i+1 = 0

2 G i v e n p
i+1
, f i n d (σi+1 , r i+1 , u i+1 ):

− divσi+1 = f

C
−1 (σi+1 + αp i+1 I ) −∇u i+1 + as∗ r i+1 = 0

asσi+1 = 0

T h e o r e m

T h e f i x e d - s t r e s s s p l i t t i n g m e t h o d f o r f i v e - f i e l d f o r m u l a t i o n i s c o n v e r g e n t .
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C o n v e r g e n c e o f i t e r a t i v e s c h e m e s : e x a m p l e

M a n d e l ’s p r o b l e m , i m p l i c i t E u l e r , P 2 / P 1 F E M
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Mandel’s problem: Convergence of fixed-strain splitting

C o n d i t i o n a l c o n v e r g e n c e o f

f i x e d - s t r a i n s p l i t t i n g .
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fixed-stress split
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Mandel’s problem: Convergence of fixed-stress/undrained splitting
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A p p l i c a t i o n s i n r o c k h y d r o - m e c h a n i c s
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M o d e l l i n g h e t e r o g e n e i t i e s i n r o c k h y d r o - m e c h a n i c s I

T w o t y p e s o f r o c k h e t e r o g e n e i t y :

• l o c a l v a r i a t i o n s i n b u l k
p r o p e r t i e s

• m a c r o s c o p i c f r a c t u r e s a n d
f a u l t z o n e s w i t h n a r r o w

w i d t h b u t l a r g e s i z e
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M o d e l l i n g h e t e r o g e n e i t i e s i n r o c k h y d r o - m e c h a n i c s I I

M o d e l l i n g a p p r o a c h e s :

• e q u i v a l e n t c o n t i n u u m
• d i s c r e t e f r a c t u r e n e t w o r k
( D F N )

• d i s c r e t e f r a c t u r e - m a t r i x
( D F M )

equivalent continuum DFN DFM
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D i s c r e t e f r a c t u r e - m a t r i x m o d e l s

Ωm ΩmΩf

δ

Ωm Ωm

γ

γ− γ+

ν+ν−

pf p+mp−m

• f i e l d s (u , p , ...) i n Ωm ∪Ω
f
−→ f i e l d s (u m , p m , ...) i n Ωm a n d (u

f
, p
f
, ...) i n γ

• s e m i - d i s c r e t e o p e r a t o r s :

∇̃p = ∇t p f +∇νp , ∇νp =
1

2

(
∆+
p ν+ + ∆−

p ν−
)
, ∆±

p =
2

δ

(
p
±
m
− p

f

)
d̃iv u = divt u f + divν u , divν u =

1

2

(
∆+
u · ν+ + ∆−

u · ν−
)
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D F M m o d e l o f p o r o e l a s t i c i t y

1 B i o t e q u a t i o n s i n r o c k m a t r i x Ωm :

− divσm + α∇p m = f m , σm = C ε(u m )

∂t (S p m + α div u m ) + div q
m
= b m , q m = k ∇p m

2 B i o t e q u a t i o n s i n f r a c t u r e γ:

−d̃ivσ+ α∇̃p = f
f
, σ

f
= 1

2
C (∇̃u + ∇̃u >)

∂t

(
S p
f
+ αd̃iv u

)
+ d̃iv q = b

f
, q

f
= k ∇̃p

3 C o n t i n u i t y o f f l u x a n d t a n g e n t i a l t r a c t i o n o n f r a c t u r e - m a t r i x i n t e r f a c e :

q
±
m
· ν± = q ±

f
· ν± (σ±

m
ν±)t = (σ±

f
ν±)t

4 C o n s t r a i n t s o n m i n i m a l f r a c t u r e a p e r t u r e :

δ+ (u +
m
· ν+ + u −

m
· ν−) > δ

m i n
(∆+σ+ ∆−σ)ν · ν > 0
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D i s c r e t i z a t i o n o f D F M m o d e l I

• G e n e r a l i z a t i o n t o i m m e r s e d f r a c t u r e s , c r o s s i n g s a n d b r a n c h i n g :

∑
i

σi
f
n
i = 0∑

i

q
i

f
· n i = 0

p1,u1

p2,u2

p3,u3

n1

n2

n3

• C o m p a t i b l e d i s c r e t i z a t i o n o f d o m a i n a n d f r a c t u r e
• F E s p a c e s : P 1 / M H

d i s p l a c e m e n t P
1

p r e s s u r e P
0

f l u x R T
0

p r e s s u r e t r a c e P
0
o n e d g e s

flux
pressure
pressure trace

displacement
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D i s c r e t i z a t i o n o f D F M m o d e l I I

• a l g e b r a i c f o r m o f f i x e d - s t r e s s s p l i t t i n g s c h e m e :

min
u
m

i

(
1

2

A u
m

i
− f m − B >u f

i

)
· u m
i
, E u

m

i
6 c

(C + βS̃ )u f
i+1 = f

f + βS̃ u f
i
− B u m

i

• c o n t a c t p r o b l e m s s o l v e d u s i n g q u a d r a t i c p r o g r a m m i n g ( P E R M O N )
• i m p l e m e n t a t i o n : F l o w 1 2 3 d

J o i n t w o r k w i t h J . K r u ž í k , D . H o r á k
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N o n l i n e a r f r a c t u r e c o u p l i n g s

• C o n t a c t w i t h s h e a r d i l a t i o n

h

α

l

δ
m i n

= δ
m i n

(u )... b o u n d e d , L i p s c h i t z c o n t i n u o u s

S o l u t i o n b y s u c c e s s i v e a p p r o x i m a t i o n s :

P : δ
m i n

7→ u ; u
n +1 := P(δ

m i n
(u n ))

• C u b i c l a w f o r f r a c t u r e p e r m e a b i l i t y

k
f
=

(δ+ u + · ν+ + u − · ν−)2

1 2 µ
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A p p l i c a t i o n : H o m o g e n i z a t i o n o f c o n d u c t i v i t y i n E D Z I

M u l t i s c a l e m o d e l o f e x c a v a t i o n d a m a g e z o n e

C o m p u t a t i o n o f e q u i v a l e n t h y d r a u l i c c o n d u c t i v i t y o f a l o c a l D F M m o d e l :

• s e r i e s o f c o m p u t a t i o n s w i t h p r e s c r i b e d p r e s s u r e g r a d i e n t
• l e a s t s q u a r e s f i t t i n g o f c o n d u c t i v i t y t e n s o r f r o m a v e r a g e d v e l o c i t y a n d g i v e n
p r e s s u r e g r a d i e n t

• i n f l u e n c e o f s t r e s s / d e f o r m a t i o n
J o i n t w o r k w i t h J . B ř e z i n a , M . Š p e t l í k
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A p p l i c a t i o n : H o m o g e n i z a t i o n o f c o n d u c t i v i t y i n E D Z I I
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A p p l i c a t i o n : G e o t h e r m a l s y s t e m I

• T h e r m o - h y d r a u l i c m o d e l o f g e o t h e r m a l h e a t
e x c h a n g e r

• H y d r o - m e c h a n i c a l m o d e l t o d e s c r i b e
s t i m u l a t i o n ( o p e n i n g ) o f p r e e x i s t i n g f r a c t u r e s

• F r a c t u r e s w i t h h i g h p e r m e a b i l i t y a n d l o w
s t i f f n e s s

• S i m u l a t i o n o f p o w e r d u r i n g 3 0 y e a r s o f
o p e r a t i o n

• C o m p a r i s o n f o r
• n o s t i m u l a t i o n
• s t i m u l a t i o n b y n o n l i n e a r H M m o d e l w i t h f r a c t u r e
c o n t a c t a n d c u b i c l a w

J o i n t w o r k w i t h J . B ř e z i n a , P . E x n e r

r o c k : g r a n i t e

d e p t h : 5 k m

d i s t a n c e o f w e l l s : 2 0 0 m

o p e n p a r t o f w e l l s : 1 0 0 m

c o m p u t a t i o n a l d o m a i n : c u b e 6 0 0 m \

c y l i n d e r s � = 1 0 m a r o u n d w e l l s
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A p p l i c a t i o n : G e o t h e r m a l s y s t e m I I

• F r a c t u r e s :
i n i t i a l c r o s s - s e c t i o n : 1 m m

i n i t i a l c o n d u c t i v i t y : k
f
/k m = 1 0 5

Y o u n g m o d u l u s : E
f
/E m = 1 0 −9

1 H M m o d e l o f h y d r a u l i c s t i m u l a t i o n

i n j e c t i o n p r e s s u r e : 1 0 M P a

i n i t i a l c r o s s - s e c t i o n : 1 m m

2 T H m o d e l o f h e a t p r o d u c t i o n

i n j e c t i o n p r e s s u r e : 1 M P a

b o t t o m t e m p e r a t u r e : 1 5 0 ° C

i n p u t w a t e r t e m p e r a t u r e : 1 5 ° C

C r o s s - s e c t i o n o f s t i m u l a t e d f r a c t u r e s
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A p p l i c a t i o n : G e o t h e r m a l s y s t e m I I I

P i e z o m e t r i c h e a d a n d v e l o c i t y s t r e a m l i n e s

T e m p e r a t u r e a f t e r 3 0 y e a r s
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C o n c l u s i o n

B i o t s y s t e m o f p o r o e l a s t i c i t y

• e q u i v a l e n t f o r m u l a t i o n s u s i n g p r i m a l / d u a l v a r i a b l e s
• F E M / F V M a p p r o x i m a t i o n s a n d t h e i r s t a b i l i t y
• i t e r a t i v e s p l i t t i n g s a n d t h e i r s t a b i l i t y
• D F M m o d e l s f o r f r a c t u r e d r o c k s
• r e a l - w o r l d a p p l i c a t i o n s
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