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Computational demands

Adapted from: Computational Homogenization of Polycrystals, J. Segurado et al. Advances in Applied Mechanics (2018)
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The basic scheme

C. R. Acad. Sci. Paris, t. 318, Série II, p. 1417-1423, 1994 1417

Mécanique des solides/Mechanics of Solids

A fast numerical method for computing the linear
and nonlinear mechanical properties of composites

Hervé MouLINEC and Pierre SUQUET

Abstract — This Note is devoted to a new iterative algorithm to compute the local and overall
response of a composite from images of its (complex) microstructure. The elastic problem for a
heterogeneous material is formulated with the help of a homogeneous reference medium and written
under the form of a periodic Lippman-Schwinger equation. Using the fact that the Green’s function
of the pertinent operator is known explicitely in Fourier space, this equation is solved iteratively.
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Model problem

e elliptic problem

—V - A(z)Vu(z) = f(x) x=e€Q
u(x) =0 x € 0f)
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Model problem

e elliptic problem

—V - A(z)Vu(z) = f(x) x=e€Q
u(x) =0 x € 0f)

e weak form

/QVU(:B)TA(:E)Vu(w)dw:/Qv(w)Tf(w) de veV '
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Model problem

e elliptic problem

—V - A(z)Vu(z) = f(x) x=e€Q
u(x) =0 x € 0f)

e weak form

/Vv(:c)TA(w)Vu(w)dw:/v(w)Tf(:c) de veV
Q Q

e approximation
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System of linear equations

Ku=b
100 ___
e linear system matrix »
5 801
Klj, ] /Vgoj(w)TA(m)Vgai(m)dm £ 601
Q G
e unknown é 401
2 20
ufi] = u” (2})
e right-hand side 82162

blj] = /Q o3(@) f () dz
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Preconditioning

1: procedure PCG(uq, K, b, M, tol, itmax)
2 rg :=b — Kug
3
. 4. nrg = |rgll > initial residual
e preconditioned system 5 by 2
6
-1 o 1 7 while k < ity aq do > k=0,1,...,itmax
M "Ku=M""b 3 Kep — Koy
i
- 9: ap = K2k
e preconditioner Py KPk
10: Slp g = 6Ty + appy
11: r =rp — arK
—1 -~ k+1 k k" Pk
M K~I 12:
. 13: nr = Hr H
e symmetric form k1l k4l
Y 14: if n;’“% < tol then
— — — 15: return u
M 1/2KM 1/2z =M 1/2b, z = M1/2u u ' k+1
16: 6y = "k41%k+1
) k rTz
k °k
17: Pl = 241 + BrPi
18:
19: B=k+1 5« CcTU
8 i) Rls| ...

/'l @[] inpracuE
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Preconditioning approaches

e diagonal scaling or Jacobi Kl_i 0
-1

M = diag(K) M= .

0 Ky.nv
e incomplete Cholesky or LU factorization

M~ LL" x x 0 0 x

X x x 0

LT = x x 0

. . .. . 0 >< ><

e operator (Laplace, discrete Green's) preconditioning %
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Discrete Green's operator preconditioning

e original problem e reference problem
K:/Vv(m)TA(az)Vu(m)dm Kref:/Vv(w)TA'ef(a:)Vu(a:) dx
Q Q
A o0 A 0

e discrete Green's (Laplace) operator preconditioned linear system

(Kref)_lKu _ (Kref)_lb
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Example 1: Setting

e original problem

—V-A(z)Vu(x) =0 xec

1 0
A(m):l(o 1) x €y

e reference problem

-V -IVu(x)=0 ze€

Qs

0

Q3

”

Adopted from: Laplacian Preconditioning of Elliptic PDEs: Localization of the Eigenvalues of the Discretized Operator,” by T. Gergelits et al.
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Example 1: Convergence

e condition number

K(K) = An /A

s, ]CTU
]
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J. W. Daniel, The conjugate gradient method for linear and nonlinear operator equations, SIAM J. Numer. Anal., 4 (1967), pp. 10-26.
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Example 1: Convergence

e condition number
k(K) = An/A\1

e bound

Ix =%l ., (/<K — 1
ol =\ Va®) + 1

J. W. Daniel, The conjugate gradient method for linear and nonlinear operator equations, SIAM J. Numer. Anal., 4 (1967), pp. 10-26.
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Example 1: Convergence

e condition number 100
k(K) = An/A\1 ~
G
X -5
e bound | 107>+
x
=
Ix =%l _ ., (/K] ~1 =
_ B4
[Ix — xollk VEK) +1 X 1 o-10]
x
e condition numbers Laplace
————— ICHOL
K ~ 16 10713 . . :
cHoL 0 10 20 30
Klaplace ~ 161 PCG iteration
<« ICTU
J. W. Daniel, The conjugate gradient method for linear and nonlinear operator equations, SIAM J. Numer. Anal., 4 (1967), pp. 10-26. /‘%ﬁr%aé C2ECHTECHNICAL
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Example 1: Convergence
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Adopted from: Laplacian Preconditioning of Elliptic PDEs: Localization of the Eigenvalues of the Discretized Operator,” by T. Gergelits et al.
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Example 1: Convergence
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Adopted from: Laplacian Preconditioning of Elliptic PDEs: Localization of the Eigenvalues of the Discretized Operator,” by T. Gergelits et al.
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Energy norm of the error

Ix — xi Ik = [Iroll? Zw G (/\l)) k=12 10° —Laplace |
kllk = lIro  BELS- - - ICHOL
=1 -
P
| -5 ]
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PCG iteration
Adopted from: Laplacian Preconditioning of Elliptic PDEs: Localization of the Eigenvalues of the Discretized Operator,” by T. Gergelits et al. ‘L»%t CTU
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Energy norm of the error

0 ]
‘Pk ()‘l)) 10 — Laplace
% — x|l = [rol® Zw . k=1,2,... P IcHoL
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.
w, = (ro, @) ;1070 ..
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Energy norm of the error

0 ]
‘Pk ()‘l)) 10 — Laplace
% — x|l = [rol® Zw . k=1,2,... P IcHoL
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Energy norm of the error
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e rounding errors (finite precision arithmetic)
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Energy norm of the error
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Generalized eigenvalue problem

e linear system matrix e preconditioned linear system matrix
K (K=K
e eigenvalue problem e generalized eigenvalue problem
Ko, = o, k=1,...,N Ko, =\ K, k=1,...,N
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Eigenvalue bounds

e for every function ¢y having its support inside the patch Py

A; = essinf Apin (A (z)) " 'A(z))

xEPL

)\g = eSSSUP Amax ((Aref(:c))_lA(w))
xEP

e sort the two series non-decreasingly,

{AT NS, AR 2 Ay S Mgy < < Ay
AV AT AR —>>\SU(1) < ASU@) <. < AE(N)

Pj

0 o0

Supports of ¢; and ¢;.
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Generalized Rayleigh quotient bounds

Let A(x), A™f(x) € R4*? be symmetric positive definite, then constants 0 < ¢; < ¢3 < oo bound the
generalised Rayleigh quotient

wl A(z)w

€= wT A™ (2)w

<ey, weQ andw e RY, w #£0. (1)

Then for u € H}(Q), by setting w = Vu and integrating over , we get

Jo Vu-AVudae
c1 < < co.
Jo Vu- AV dx
) N
Using u = ;_, Vipi, we get
fQ Vu-AVudx vIKv N

= < ¢, e RY, 0. 2
o= fQ Vu-AVude vTK™yv 2V v# (2)
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Courant—Fischer min-max theorem*

If K, K™ € RVXN are symmetric positive definite, then

. vIKv
min - ————,
—j+1 veS,v£0 yT' K™™'y

Forj=1 h
or j we have VTKy . VTKy

A = max mn _———— = min ————.
S,dimS=N veS,v£0 yT'K"'y vERN v#£0 vI'K™y
The next inequality follows from (1) and (2), such that

Jo Vu-AVudz vIKv
C = 5
LT Ve AVudz WKy

veRY v#£0.

* e.g. Theorem 8.1.2 in G. H. Golub, Ch. F. Van Loan: Matrix Computations.
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Generalized eigenvalues of material data

e material data

wl A(z)w 4
61§m§62, .’BGQ,and’wER,w;ﬁO
e |ower bound
A = essinf Apin ((A'ef(w))_lA(a:)) <  min "Ti -\
ze ~ verN vz0 yTK™fy

e |ocalization

L o 3 . ref —1
Ar(n) —:Sg%)lr(llf) Amin ((A™(z)) " A(x))
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Courant=Fischer min-max theorem!

If K, K™ € RV*N are symmetric positive definite, then

. vI'Kv
 max min - ———
S, dimS=N—j+1 veS,v£0 yT K"y

For 7 =1 we have
/ W v vIKv . vI'Kv

AN = max min ———— = min ————.
S, dimS=N veS,v#£0 yT' K™y veRN v£0 yT'K"™ 'y

The next inequality follows from (1) and (2), such that

T -AVud
/\I;(l): min AL < viKv Jo Vu-AVudae

= ., veRN v£o.
Pec ¥ T yTK™fy fQ Vu - Ay de 7

t e.g. Theorem 8.1.2 in G. H. Golub, Ch. F. Van Loan: Matrix Computations.
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Courant—Fischer min-max theorem

If K, K™ € RV*N are symmetric positive definite, then

. vI'Kv
max min href
S, dimS=N—j+1 veS,v#£0 yT' K"y

where S denotes a subspace of RV.

For 7 = 2 we have

N = vIKv vIKv

max min —— i 2 min —
S, dimS=N—-1 veS,v£0 yT' Ky VERN  v#0, v,.(1)=0 vIK™y
The next inequality follows from (1) and (2),

AL i AL < vI'Kv _ Jp Vu - AVudx
"@ T pep TR T TRy Jp Vu- A Vudz’

veRY v#£0,v,q) =0

where (due to v,(;y = 0) D contains only the supports of ¢y, k 7# 7(1).
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Geometric interpretation

e Lower bounds:

P4

¥3

P1

P2

o)
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Geometric interpretation

e Lower bounds:

o /\I;m found in x;

T
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Geometric interpretation

e Lower bounds:

28 / 67

o /\I;m found in x;
) /\71j<2) found in a2
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X1

Pr(1)

Pr(2)




Geometric interpretation

e Lower bounds:

28 / 67

o /\I;m found in x;
) /\71j<2) found in a2
o )\fj<3) found in 3
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Geometric interpretation

€3

e Lower bounds:

Pr(4) Pr(3)

[e]

/\I;m found in

[¢]

/\71j<2) found in a2

[e]

)\fj<3) found in a3 )

/\I;<4) found in @3 . Pr(1) Pr(2)
T1

[e]
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Example 2: Continuous data

e material data:

ao= (g ) (T b))

i 10 ) 1 03
AFf(z) = ( 0 1) and AFf(z) = ( 03 1 )

e reference data:

2.00 2.00
1.75 1.75 M
: . A
1.50 1.50
1.25 - 1.25
1.00 1.00
0.75 0.75
050 0.50
0.25 0.25
0.00 1— , . , . . 0.00 - , , . . .
0 20 40 60 80 100 0 20 40 60 80 100
k k

29 / 67 Martin Ladecky: Discrete Green's operator preconditioning: Theory and applications




Example 2: Discontinuous data

e material data:

aw= (o )+ (St S )

i 10 ) 1 03
AFf(z) = ( 0 1) and AFf(z) = ( 03 1 )

e reference data:

2.00 2.00
1.75 1.75 M
: . A
1.50 1.50
1.25 - 1.25
1.00 1.00
0751 0.75
0504 - 0.50
0.25 0.25
0.00 1— , . , . . 0.00 - , , . . .
0 20 40 60 80 100 0 20 40 60 80 100
k k
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Homogeneous subdomain

e scalar multiple
A" () = aA(x) =€ Py
e bounds

A= ess%)nf Amin ((Aref(w))*lA(m))
xEPr

A = esssup Amax (A" (2)) 1 A(z))
xEP),
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Homogeneous subdomain

e scalar multiple

A" (x) = aA(z) = <Py W(Q 0
0 2

e bounds

A= ess;)nf Amin ((Aref(w))*lA(m))
xEPr

A = esssup Amax (A" (2)) 1 A(z))
xEP),
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Homogeneous subdomain

e scalar multiple

(AH~t A
—— N
A" () = aA(x) x Py 1o\ '/2 0
( b ) ( c ) 2 2
e bounds
L . ) ref -1
)\k = easzggif Am1n ((A ((I})) A(CC)) (Aref)—l A
A = esssup Amax (A ()" A()) -t
zEPy, 10 05 0 — 0.5 0.5
0 1 0 05 ’ '
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Example 3: Scalar multiple

1 0 1 0 2
ref __ _ _
car=(a 1) a=(5 1) -3

2009 o
A

A

1.50 A

1.25 1 XXX

0.75 A

0.50 A
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Example 3: Scalar multiple

1 0 1 0 2
ref _ _ _
car=(o 1) a=(ov) -

2009 oy,
U
175 Ai
AR
1.50
1.25 eecece”
1.00
0.75




Example 3: Scalar multiple

10 2
a=(0 1) 2=

2009 o
A

_)‘II:

= O
N———

.Aref:(é

1.75 A
1.50 A
1.25 A ecece®
1.00 A

0.75 A

0.50
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Example 4: Interfaces

Ay
1 0 1 0 2 0
cat=(o 7)) a5 1) a=(53)
o AR Y|

2009 o

1.75-_1:‘::

1.50 A

1.25 A

1.00 A

0.75 4

0.50 A
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Example 4: Interfaces

[ ||
1 0 1 0 2 0
Tef: = =
a5 0) Ao ) a=(03) .

AEED.T

2009 o

1.751 )\E

_)\%

1.50 1

1.251

1.00 1

0.75 A

0.50 A
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Example 4: Interfaces

[ [T ]|
A,
oaef_ (10 A, — 10 A, — 2 0 II
0 1 0 1 0 2 L[]
Q A
2001 o 0,
1.75 1 A
_)\% .
1.50 “,...."'
1.254 0".
1.00 4
0.75 A
0.50 A
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Example 4: Interfaces

10
) a=(o

= O

.Aref:(é

2009 o
A

_)‘II:

1.75 A

1.50 A

1.25 A

1.00 A

oo

o

.
oo
esosooce
o°°

0.75 A

0.50
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Homogeneous subdomain

e scalar multiple
A" (x) # aA(x) x € Py
e bounds

A= ess%)nf Amin ((Aref(w))*lA(m))
xEPr

A = esssup Amax (A" (2)) 1 A(z))
xEP),
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Homogeneous subdomain

e scalar multiple

(Aref)—l A
. —_— A
A" (x) # aA(x) x € Py 1 oNt71 o
(01> (015)_>1.52
e bounds ’
L _ : . ref -1
Ap = esggg Amin (A (x)) " A(x))
A = esssup Amax (A" (2)) 1 A(z))
xEP),
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Homogeneous subdomain

e scalar multiple

. —— A
AT‘ef (113) 7é aA(m) T < Pk 1 0 -1 1 0
— 1.5 2
(5 1) (o 5)
e bounds

AE = essinf Amin ((Aref(w))*lA(m))

xEPy,

MY = essSup Amax ((A™(z)) " A(w))

—1
(0 1) (0 18 ) 82
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Example 4

° Aref:<

= O

) (i) ae(

o N
N O
N————

1
0

204 °* M

A
1.8 — AL
1.6

o000 000

1.4 A
1.2 1
1.0 A

35 /67 Martin Ladecky: Discrete Green's operator preconditioning: Theory and applications



Example 4

° Aref:<

= O
~
b
f
Il
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Example 4

oAref=<(1)

= O
~
b
—
|
7N
O =

—_
'O_'O
"
b
()

Il
7N
O N
—_
OOO
~~—_

204 ° igj "...".,..-....-
184 )\k co0®
164 RO
1.4 1 LM
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1.0{ ==
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Example 5: Optimization

A, Ay
0.7 04 0.7 0.2
0.4 0.7 0.2 0.7
Az Ay
1.3 0.2 1.3 04
0.2 1.3 04 1.3
Q

Aref _ (
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Example 5: Optimization

Ao Ar
(0.3 11) (05 09)
As As
(11 15) (09 17)
Q
ref __ L0
(]
« ICTU
-1 s
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Example 5: Optimization

As Ay
1.8
(043 0.84) | (0.69 0.71) 16~ ™
Alc
144 — AL
1.2
As Ay 1.0 1
(115 157) | (1.29 1.31) 081
0.6 1 '
Q 0.4
0.2 T T T T T T T T T
0 8 16 24 32 40 48 56 64
A (103 »
03 1

UNIVERSITY
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Example 5: Optimization

Az Ay
2.50

(06 1.22) (10 1.0) 2.5 ]

2.00 -

1.75
As Ay 1.50 A
1.25 -
1.00
0.75 A
0.50 ; : : ; ; ; ; :

0.7 0.2 k
0.2 0.7

(1.67 22) (1.8 1.88)

Aref:Al _ <

UNIVERSITY
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Example 5: Optimization

A, A
4.0
1.0 1.0 S 167 —
( ) (0.8 1.67) N
k
304 — M
2.5 4
As A,
2.0 1
(136 3.67) (155 3.0) ]
i 1.01 ......oooo‘uooc...'
0.5 41— . . . : : . . .
0 8 16 24 32 40 48 56 64
Aref _ AQ _ 0.7 04 ;
0.4 0.7

UNIVERSITY
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Example 5: Optimization

Ag Al
144 = N\
(027 073) | (045 0.6) —
A3 A4
(1.0 10) (082 1.13)
Q
1.3 0.2 ‘
ref __ _ . .
AT =As = ( 02 13 )
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Example 5: Optimization

A2 Al

(033 065) | (053 055)

A3 A4

(088 1.2) (10 1.0)

0.2 T T T T T T

k
wf A _ [ 13 04
A _A4_(0.4 1.3
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Small-strain elasticity
e governing equation
—9'C(x)du(x) = F(x) x€Q

e original system matrix e reference system matrix

K:/a'uTCBuda: K'Ef:/B'UTCre‘cauda:
Q Q

e approximation
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Geometric interpretation

e Lower bounds:

38 / 67

P71, P8

P55, L6

P1, P2
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Geometric interpretation

e Lower bounds:

) /\I;<1) found in a1

X1

Q 90
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Geometric interpretation

e Lower bounds:

) /\I;<1) found in a1

o A,Ij@) found in x;

° Pr(1)
T Pr(2)

Q 90
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Geometric interpretation

e Lower bounds:

) /\I;<1) found in a1

o A,Ij@) found in x;
o )\I;<3) found in 2

)

. Pr(1) Pr(3)
I Pr(2)
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Geometric interpretation

e Lower bounds:

) /\I;<1) found in a1

[e]

A,Ij@) found in x;

[e]

)\I;<3) found in a2

[e]

/\I;(4) found in a2

I Pr(2
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Geometric interpretation

e Lower bounds:
) /\I;<1) found in @ .13
) A,Ij@) found in x; @r(s)
o )\I;<3) found in 2
o /\,Ij(4) found in a2 .
o )\f:<5) found in a3 )
. Pr(1) Pr(3)
X1 ¥r(2) Pr(4)
Q 90
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Geometric interpretation

e Lower bounds:
) /\I;<1) found in @ .3
) A,Ij@) found in x; @r(s)
a

o )\I;<3) found in 2 ©r(6)
o /\,Ij(4) found in a2 .
o )\fj<5) found in @3 T2
o A%(G) found in 3 . SO,,.(l) QD,,.(3)

T Pr(2) Pr(4)

Q 90
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Geometric interpretation

e Lower bounds:
o /\I;<1) found in @1 . T3
o A,Ij@) found in onet) o)
7 T
o )\I;<3) found in a2 ©r(s)
o /\,Ij(4) found in a2 A
o )\f:<5) found in a3 T
o /\I;<6) found in x3 . @r(1) @r(3)
o A,Ijm found in @3 X Pr(2) Pr(4)
0 o0f)
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Geometric interpretation

e Lower bounds:

38 / 67

) /\I;<1) found in a1
o A,Ij@) found in x;
o )\I;<3) found in 2
o /\,Ij(4) found in a2
o )\f:<5 found in a3
) T(ﬁ found in @3

o T(g found in a3

o >‘r(7) found in a3 x1
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Example 6: Elasticity

1—v v 0
FE
C($) = % 14 1—v 0 , V:02 E=07 E=13
A+v)a-2) | 0 05-v)
E=13 E=0.7
C¥:{EF=1,11=0} and C¥':{E=1,11 =02} 0 o0
2 2
15 : 1.5
1 1
u /
)‘s(k)
0.5 2 0.5
k k k
0 — )\t 0
200 400 600 r(k) 200 400 600 800
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Material data in quadrature points

e quadrature

Nq
/ 8’17((B)Tcref(w)8u(il,‘) dx ~ Z aﬁ(wg)Tcref(wg)au(qu) ’LUQ
Q
Q=1
e bounds over quadrature points
A% = o min kAmin ((Cref(mg))—lc(mg)) , k 1,7dN
T Esupp ¢
A =  max Amax ((Cref(mg))—lc(wg)) , k=1,...,dN
o €supp ¢
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Implementation per elements

e compute bounds for every element

wl A(x)w

— <, xeQfandweRY, w#0,e=1,...,N,
_’LUTAref(m)’u)_ 2 7é e

C1

e bounds on local matrices

vIK, v B ng Vu - AVudax
TVIKEY [ Vu- A Vude

C1

e local matrices K, € RN*N and K™ ¢ RV*N

Ne

K = Z Kea Kref Z Kref

e=1
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Bounds from local matrices

e lower bound on the first eigenvalue
vIKv > MvTK™ v, ve R, v#£0

e equivalently in the sum form
Ne Ne
ZVTKSV >\ ZVTK';fv, veRY v#£0
e=1 e=1

e sufficient condition

vIKov > MKy, veRN v#£0,e=1,...,N,

Martin Ladecky: Discrete Green's operator preconditioning: Theory and applications



Courant—Fischer min-max theorem

e Courant-Fischer min-max principle

vI'Kv . vI'Kv
min

Pr— max min_———— > —
S, dimS=N—1 veS,v£0 yT K™y — veRN,v#£0,v,1)=0 v K"y

e any \s € R such that
vIiKv > A} vIK™v, veRY, V1) =0

is a lower bound to \s.

e sufficient condition

vIKov > MWVTKSy,  e=1,... N, VERN,V#O,VT(D:O
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Generalized bounds

e locally assembled system matrices
N. Ne
ref ref
K= g K. K™ = g K?
e=1 e=1

e can be applied to:

finite difference

o stochastic Galerkin FE method

o algebraic multilevel preconditioning
o discontinuous Galerkin

[e]

Note that symmetric positive semi-definite Ko € RN XN 4ng K"eef € RNV XN must have the same kernels.

Gniverst
Martin Ladecky: Discrete Green's operator preconditio Theory and applicatio e




Example 7: Finite difference 1

e material data:

A@) = (1+0.3c0s (1 +22)3 ) ) ( Lo >

re 10 e 1 03
(4 4) (%)

o reference data:
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Preconditioned conjugate gradients

procedure PCG(uq, K, b, M, tol, itmax)
rg :=b — Kug

nrg = ol > initial residual

1:
2
3
4:
5: PO = 20
6:
7
8

e while k < it g do > k=0,1,...,itmazx
e preconditioned system Ko = Koy
I'TZk
1 1 9: oy, = &
(K "Ku= (K b o el
N 6uk+1 = 6ty + appg
L 11: el =rp — apKpg
e additional system 12:
ref_ 13: nrpgr = |[reg |
K™z, =1y 14: if "Zﬁgl < tol then
15: return wy g
16: By = M
rk Zk
17: Pri1 = 2k41 + BrPr
18:
19: k=k+1 3¢ cTu
20: return w ‘%f%é e TEcHmicaL

J ‘M AW []inrracue
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Periodic homogenization

e governing equation

—V-A(x)Vu(x) =0 zc)y
periodic B.C.

A rectangular cell with outlined periodic

microstructure.
"Dy
i &
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Periodic homogenization

e governing equation

-V A(@)Vu(z)=0 =z}

periodic B.C.
e overall gradient field . " u
Vu(e) =e + Vi(z) @€y s ST )
e = i/ Vu(z)dx € R? - . : - e
Iy
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Periodic homogenization

e governing equation

-V A(@)Vu(z)=0 =z}

periodic B.C.
e overall gradient field . " u
Vu(e) =e + Vi(z) @€y s ST )
e = i/ Vu(z)dx € R? - . : - e
Iy

e homogenized (constant) material data

1 -
Ane = o /y Aw)(e + Vi) do

Martin Ladecky: Discrete Green's operator preconditioning: Theory and applications



Periodic homogenization
e governing equation

-V -A(z)(e+Vau(x)=0 xxc)

v={:H),,), fyi=) ds =0} o7 L ﬁ
s
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Periodic homogenization
e governing equation
V- A(x)(e+Vi(x) =0 ze)
e weak form

/Vf)(m)TA(w)Vﬁ(w) dw:/Vf)(m)TA(:c)edw vey
Y Yy

V= {6 CHY (), [y (@) de = o} ¢
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Periodic homogenization
e governing equation
V- A(x)(e+Vi(x) =0 ze)
e weak form

/Vf)(m)TA(w)Vﬁ(w) dw:/Vf)(m)TA(:c)edw vey
Y Yy

e system matrix

K[j.i] = /y Vs (2)T AV i() da

v={:H),,), fyi=) ds =0} o7 L ﬁ
s
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Fourier-Galerkin method

e regular (pixel /voxel) data structure

e Fourier-basis

N N
u(x) ~ Zﬂ Z exp(2mik;x)
i=0 i=0
N N
Vi(x) = Zﬂngofc(ac) = ZQWik:i u; exp(2mik;x)
=0 i=0

e linear system with Fourier coefficient

F'KFii=b

<)
-
=4
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Fourier-Galerkin method: Homogeneous reference data

e closed-form expression

Kref ,77 / VQO TArefngiFG(CC) dx = {Oj

o Krfis block diagonal in the Fourier space
(K™™' = (K 'F
e accelerated by FFT
FUR™) FKi=F (K Fb

(Kref)*l (Kref)*l

Martin Ladecky: Discrete Green's operator preconditioning: Theory and applications

kTArEfki

fori=j
fori#£j



Fourier-Galerkin method: Heat conduction

Martin Ladecky: Discrete Green's operator preconditioning: Theory and applications



Oscillations
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Damage fields in concrete

B Aggregates Cement paste ASR gel pockets B Damaged pixels

Fourier basis linear FE basis.
"Dy
i @
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Finite element method: discretisation grids

A T2 A T2 A T2
b 3 L2
2 2 2
N I~ B N | | | [
A A |~ A i i | |
s s s N | | | | | | | |
N\ ) ~ > |
) | A} A A} | | [ |
Al Al [ X i i | | | | | i
Nl N N ] ] 1 |
A N Al A} J J - J | -
I s N Y LTy N | | L T N | | ]
0] Sl S S S| 2 2 : : | | 2 2 : : | |2
S ~ N N | | | |
N s s T | | | |
~ | A |~ A i i | | | | | |
N N N
y\\\\ SN AN i y i I I y | | | |
_l _lz _l
2 2 p
—————— Y s Y
| | 1 | T
\\:\ : I I I I
NN I I | |
: AN X g ! | x % 3 ! I |
N
| N I g Tg o ! X !
| AN ! | | | 1 |
| X \:\ : | x x | | x |
! xl N ! ! z2 | ! |
| Q\‘ ! q qa | |
,,,,,,,, N e L |
T T T
zn En zn
— Pixels - - Elements ® Discretisation nodes w{, X Quadrature points wg
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Finite element method: Assembly of Kref

e no (simple) closed-form expression

kTA™k; fori=j

Rref ~7~ :/v FE TArefv FE d
[4.] Ve (z) i () de £ 5 for i £ j
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Finite element method: Assembly of Kref

e no (simple) closed-form expression

= ETA™E; fori=j
KrEf[j, Z] _ / V(pr(az)TA'ergofE(w) dx # { J 4 or Z ]
y 0 for i # j

o Krf is diagonal

-1

(Kref) _ Fg(Rref)led.
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The block-circulant structure of K™

I A2
] 6. 11 16 20 _ - _
e - : o i[1] b[1]
e b <o | e b2)
16 17 18 19 20 : - L hd .
T, T, z; ) fi 6l « e <
a v e < 4 v
_lil l A v > o « a v
2 T g . e - .
11 12 13 14 15 . oy
.x N .. P _
.'Dn Ty (l:“ mn (Bn 1 11 lalw o « v a
i [ aw
6 7 8 9 10 vl s« Y 4y
i z/) Ty x; ) 6l e B - Y
v a v A v > e < :
2 o T T [20 b[20
A R PTA ) I CocrLor e || eeo
2
. . . I Kref ~ _
— Elements e Discretisation nodes - x;, 1] = b

Martin Ladec screte Green's operator precondi Theory and a



Finite element method: Assembly of Kref

e K'f is diagonal

e

Ve
a

(Kref)_1 _ F(I;I(Rref)_le.

11

16| ~ b

11

16

20

o]
b[2]
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Finite element method: Assembly of Kref

e K'f is diagonal

. 6 11 16 00
(K*) ™" = Fi(K™) F.. L Fr SN | I I o
e unit impulse 6::'”:;“::' < i g
1 RN R _
~ 10 1 EDOUE M
Kref[:’l]:Kref : S T e
0 oo e :
Kt i = b
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Finite element method: Assembly of Kref

e K'f is diagonal

1 6 11 16 20 _ _
(k)™ = F(R) Ry I ‘ o | [N
e unit impulse 6 :j g
! 11 =
K[, 1] = K™ "
0 ol |
e diagonal 20_‘11' . _ o Eref[ZO,ll
diag(K™") = F(K™:, 1]) k! i o= b
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Example 9: Grid size independence — elasticity
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Example 9: Grid size independence — elasticity

103 5
] —- N; =163
k-
) £ ©-
I 5107 4 -
= g Eg—ﬁtgﬁ
“ ] N
- ]
E '(_—“‘6-—-(——
£ 1
g 10° +
= ]
100 T T T
10~ 102 100 102 104

Phase contrast p = Ky /K
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Example 9: Scaling

Time consumptions

4
10 - 120
- 60
- 30
10° 5 - 10
o =
B 102 rrE
E E
= Lol =
® 14 ]
2 10 2 S
% — DB Trilinear FE 1Q g
E 107 & —e— DB Trilinear FE 8Q £
© Y4 == SB Trilinear FE 1Q o
10-1 /:/ —@ - SB Trilinear FE 8Q
4 — =SB Fourier-Galerkin 1Q
X’ '''' N log(N)
10-2 : : : : :
153 313 63 1273 255

Total number of grid points
— fe
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Example 9: Choice of reference material

X The reference material C = I The reference material C* = C'f__ X
10 10
—- N1=163 —- N1=163
—-k=- Nj=323 =A== N; =323
-O- Ny =643 O~ Ny=64
10°4 ®-4R. - Ny =128 - Ny=128% F10°

“& X = g8 ~&

R
A e BB
I e /“*
10" A E
10° T T T 0 10°
10

10~* 10~2 10° 10? 104 104 102 104
Phase contrast p = Ko/ K3 Phase contrast p = K3 /K1

—
(=}
—

Number of iterations to reach 10~ residual norm
Number of iterations to reach 10~ residual norm

Rels -

UNIVERSITY
IN PRAGUE
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Example 10: Choice of reference material

p (c1)
N\
><].072 f . . e
2 Cre Fourier linear FE bilinear FE
Newton 11 9 10
1 "-E.fz) I 1012 861 761
(P)CG I 781 609 540
cref 585 457 407
0
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Example 11: Damage in concrete — bilinear FE
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Example 11: Damage in concrete — under-integrated bilinear FE




Example 11: Damage in concrete — linear FE
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Example 11: Damage in concrete — isotropic mesh
A T2
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The take-home message

The discrete Green's (Laplace) operator preconditioning makes
condition number independent of mesh size. Additionally, the
distribution of eigenvalues can be estimated and optimized.
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Collaborations

e Eigenvalues bounds qb?é ‘

e FFT-based FE solvers

(|

ECOLE POLYTECHNIQUE
FEDERALE DE LAUSANNE

UNI
FREIBURG

e Fourier-Galerkin
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QOutlook & Support

Outlook:
e improve eigenvalues bounds

e PCG convergence estimate for homogenization
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e improve eigenvalues bounds
e PCG convergence estimate for homogenization
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