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Abstract

This paper deals with the solvability of contact problems with a local visco-plastic
friction in the thermo-visco-plastic Bingham rheology. The generalized case of bodies
of arbitrary shapes being in mutual contacts is investigated. The model problem
represents mathematical models of the Earth’s mantle movements, of the volcanic
zones, etc. Numerical approaches in the dynamic case, based on the semi-implicit
scheme in time and a finite element approximation in the space, and in the stationary
flow case, based on the penalization, regularization and finite element techniques
and semi-implicit scheme in thermal part of the problem, are shortly developed and
discussed.
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1 Introduction

The important mathematical problems in the present geodynamics and ge-
omechanics are simulations of the geodynamical processes in the Earth’s in-
terior (see [2,5,12,15,17], etc.). There may be giant circulation cells in the
mantle of the Earth. The mantle rock materials are strongly heated from
below and are transported into the upper parts of the Earth below the litho-
sphere [2,12,15], etc. This mass transport can be described by the boundary
value problems of thermo-visco-plastic fluid with visco-plastic friction through
the 3D channels in a bounded domain in R®. Moreover, some geodynamical
processes connected with heat flow and diffusion involving phase-change phe-
nomena give rise to free boundary problems for parabolic partial differential
equations of the multiphase problems [11,12,14].
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In general, the global model of geodynamical processes inside the Earth is
described by the system of partial differential equations describing the stress-
strain rate field, the geothermal field, the magnetic field, the gravity field
as well as local processes taking place in local areas inside the Earth, like
the phase changes of the first and the second orders (i.e. solidification, melt-
ing, recrystallization, metallization, changes of magnetic properties of rocks,
etc.) [9-14]. We see that such global models are very complicated. The model
presented in this paper also describes geodynamical processes in the rift and
subduction zones and, therefore, it can be applied for simulations of geody-
namical and geomechanical processes in such special areas as the San Andreas
fault zone and the radioactive waste repositories.

In the paper the constitutive relations of the thermo-Bingham rheology, the
friction laws on the contact boundaries, an existence theorem and some ideas
how to solve the problem numerically, will be presented.

2 Formulation of the Problem
2.1 Rheology and the constitutive relations

The Bingham rheology has the following property: the rock material starts to
flow if and only if the applied forces exceed a certain limit, the so-called yield
limit. We speak also about Bingham solid /fluid media.

Let u = (u;) be the material velocity, let D = (D;;) denote the strain rate

tensor and D” = (D}7) the strain rate deviator defined by

1 (0u; Ou, 1
Dij = Dij(u) - 2 (&v * 6;) Di? =Py ngk&j’ @
Vi 7

where §;; is the Kronecker symbol. Denote by 7 = (P7;;) the Cauchy stress
tensor and its deviator 77 = (P7.0) by

1
BTD = BTij — gBTkk(Sij i.e. BTD = BT+pIg, (2)

where —p denotes the spherical part of the stress tensor and has a meaning of
the pressure and I3 is the identity tensor. Besides the deviators D]} and "7}
another tensor deviator S” = (S}]) can be introduced, which corresponds to
the plastic properties of the rock material and which will be defined below.



In the rheology by a process we mean a collection of sufficiently smooth func-

tions ¢ — DD2(t), t — Br2(t), t — SE(t) for t € [0,t,], where ¢, is the

duration of the rheological process in the medium. In the Bingham rheology
for any process we find
BrP =8P 1 2iDP (3)
1
J(SP) =S = = S|SPP = <0 0

the so-called von Mises relation or the yield condition,

DP =2)\8P (5)

where Sy = $SPS) = $|SPP, [SP)P = SPSE, i > 0 is the threshold of

viscosity, ¢ the threshold of plasticity or the yield limit, g/ V2 is the yield
stress in pure shear and A is a scalar function defined by

if f(S?)<0 or (f(SD)zo and af(g?(t))<0> then A\(¢) =0,
if f(S”)=0 and af(g::(t)) =0 then A(t) >0. (6)

The von Mises relation yields that the invariant S;; cannot reach the square
of the yield limit. Relations (5) and (6) yield that the deviator of the strain
rate tensor can change in the case if Si? rests on the surface f(SP) = 0,
moving along it. In other cases Di[; = 0, which represents the argument why

the relation 5%2 = ¢ is called the yield condition.

Moreover, (3) and (5) yield

Bl = (14N sy, PP = (e 4pN)ISPL P = (L4 st (7)

YR

BrD Byl Br = 1BrDBrD — 11 BrD12 ig an invariant of the

B._Di2 _
where | °r7|% = Pr0 Pl Py = 5 000 Pl = 5| 0T

stress tensor in the Bingham rheology.

Let Br}{* = 273 | BrP| > § then from (7c) and (4) we find A > 0 and from (6)
we have S}/% =273 |SP| = § > 0. Then (7c) yields

A=) (Pt - 1) (8)



Hence and from (5) and (7a,c) we obtain

~ — 1, _
DY = 2p) (1= B ) Pl = 20) 7t (1229 P71t Bl (9)

For incompressible rocks, for which Dy, = 0, and any duration of the rheolog-
ical process t, > 0, using (1) we find

Dy = 2p) 1 — g8 ) PP = 20) 7 (1 — 229 | BeP Y BD L (10)

Assume that 27//> < §. Then if S})> = § from (7c) we find that A = 0

and if S}/ < ¢, then (6) yields also A = 0. Hence, by using (5) and the
incompressibility condition, i.e. Dy, = 0, we have D;; = 0.

Summarizing, the constitutive law in the Bingham rheology can be written as

N . B_—1/2 . 1/2
i = (211) f1—-g” ]]/)BTz? if BTH/ > g,

=0 it Brlt<g. (11)

In order to invert relations (11) we introduce an invariant of the strain rate
tensor by Dy; = $D;;D;; = 3|D|?, |D|> = D;;D;;. Let |D| = 0, then from (11)
we find Br{? < § if |D| # 0, then from (11) we obtain BTH/ > ¢ and
BTH/2 =g+ 2/:LD%2. Hence, from the incompressibility condition Dy, = 0,

(2) and (10) we find

Br.. = —pb; + gDy D} + 20D | (12)

representing the constitutive stress-strain rate relation in the Bingham rhe-
ology. The relation (12) makes sense only when D;; # 0. For ¢ = 0, we
have a classical viscous incompressible (Newtonian) fluid; for small § > 0, we
have strongly visco-plastic materials close to the classical viscous fluid and
for § — oo, we have absolutely rigid rock materials. If § is strictly positive,
we can observe rigid zones inside the flow (representing e.g. very important
property for mushy zones); when § further increases, these rigid zones become
larger and larger (representing very important property for solidification) and
start completely rigid when § is sufficiently large. In this case, when these
rigid zones block the flow, we speak about blocking property of the Bingham



fluid. From these point of view the Bingham rheology is useful for solidifica-
tion, recrystallization and melting processes inside the Earth’s mantle and in
volcanic areas. This problem represents an open mathematical problem.

The thermal stresses are defined by the well-known relation

TTij = _5ij<T - To) s (13)

where f3;; is the coefficient of thermal expansion, 7', T are the actual and
initial temperatures.

The stress-strain rate relation in thermo-Bingham rheology is as follows:

Tij = BTz’j + TTz'j~ (14)

2.2 The problem formulation and the friction law

Let QC RN, N =23 Q= LTJ ), be a union of bounded domains occupied

by visco-plastic bodies with aL 8111100th boundary 02 =T',Ul'; UT'yUT'., where
I, represents one part of the boundary, where the velocity is prescribed; I'; is
the part of the boundary, where the loading is prescribed; I'y is the part of the
boundary, where the bilateral contact condition is given and I',. (: IEJI M TR =

oMo, k#1, klel,... ,r}) represents the contact boundary. Assume
the Eulerian coordinate system as a spatial variable system. Any repeated
index implies summation from 1 to N. Let t € [ = (0,t,), t, > 0, where t, is
the duration of all rheological processes. Let u,, = u-n, @, = u —u,n, T =
(73515), T = Tyjnjn;, Ty = T — T, be the normal and tangential components
of the velocity and stress vectors.

Next, we will solve the following problem:

Problem (P): Find a pair of functions (T,u) : @ x [ - R xRY N = 2,3,
and a stress tensor 7;; : Q x I — RV*V gatisfying



P(an+ au¢>:8ﬂ‘j+fz‘ in Qx1I; (15)

ot U oxy, 0z
divu=0 in QxI; (16)
oT oT 0 or )
PCe (6% + ukamj — pBi;ToD;i;(u) = oz, <"‘iz‘jaxi> +Win Q x I; (17)
Tij = —POoij + gDile_Il/Z +20D;; — B (T —Tp) ; (18)

1 (0u; Ou;
D.. — - [ 9% AR
g 2<8xj+0xi)’

provided D;; # 0, B 7'11[/2 < g if D;; = 0, with the boundary value and contact
conditions

T(x,t)=Ti(x,t), mn;=PFP on I'yxI, (19)
T(x,t
ijmnj =0, u(x,t)=u(x,t) on I'yxI, (20)
3xj
oT (x,t)

iy = (%) un(x,t) =0, Ti(x,t)=0onlox 1, (21)
J
TH(x,t)=T'(x,t), and
T (x,1) IT(x,t)
HijT%njl(k) Zﬂiijj”j\(l) on I'ex[, (22)

and the bilateral contact condition with local friction law of the form [7]

uf —ul =0 and |TM| < FMGPH
if |75 < FMSPE then uf —ul=0,
if |78 =FMSPH  then there exists A\ > 0

such that uf —ul = —\7H, (23)
and the initial conditions

T(x,ty) = To(x), u(x,ty) =0, (24)

where the positive direction of the normal n to I'*! is related to the region QF,
FM is a coefficient of friction, uf = ufn¥ vl = ulnl = —uln¥ and ¥ = 7§ =

7! and where p is a density, c. — a specific heat, ki; — a thermal conductivity,
W — thermal sources, ¢ — a heat flow, P — surface forces, f — body forces, Tj,
T1, u; are given functions.



If S = |7,|, then (23) is the classical Coulombian law of friction. Such
model problems describe the geodynamical processes in upper parts of the
Earth. The processes in the lower mantle and in the volcanic areas, connected
with transportation of heated light materials from the mantle/core boundary
through the GTLV channels below the lithosphere or the heated viscous ma-
terials from the volcanic chambers through the deep faults upto the Earth’s
surface, respectively, can be described by a visco-plastic friction law. Setting
(see e.g. [3]) SP = |BrP] and if we determine |®7P]| from (12) we obtain
| BrD| = 229 + 241)D(u)|. We see that the contact condition (23) depends on
the solution of the investigated problem.

For simplicity we will assume that u;(x,t) = 0, T1(x,t) = 0.

3 Variational (Weak) Solution of the Problem

We will introduce the Sobolev spaces of vector-functions having generalized
derivatives of the (possibly fractional) order s of the type [H*(Q)]* = H**(),
where H*(2) = W3(€2). The norm will be denoted by || - ||sx and the scalar
product by (-,-)s (for each integer k). We set H%*(Q) = L?*(Q). We intro-
duce the space C§°(€2) as a space of all functions in C*°(Q2) with a compact
support in 2, ¢ =1,...,r. The space is equipped with the ordinary countable
system of seminorms and as usual C§°(Q, RY) = [C5°(Q)]Y. We introduce the
space LP(Q2), 1 < p < oo, as the space of all measurable functions such that
1 fllzriy = (o |F(X)Pdx)"? < 400. By L®(2) we denote the set of all mea-
surable functions almost everywhere on 2 such that || f||.c = esssupg, | f(x)| is
finite. Moreover, we define for s > 1 the following spaces and sets:

LHSN(Q) = P HEN(QY) = {vlv € HSY(Q), divv=0 in U_, Q",
v —ol =0 on Uy, T wv,|p, =0},
PHEN Q) =17 2HSN Q) = {z]z € HY(Q), =2 on Uk F’jl, },
W(Q)={v|v e 'H*N(Q),v|r, = 0}
V() ={z]z € 2H*(Q), z|p, = 0}.

Then 'H*M(Q) is a Hilbert space with the norm || - ||, n, 2H*!(2) is a Hilbert
space with the norm || - ||s;. For the sake of simplicity we put *H"N(Q) =
PH(Q), || - iy = | - [y and in HEY(Q), || - flo.x = | - [lo- Let us put "H(€) =
LHEN(Q)NCR(Q,RY), 2H(Q) = 2HYH(Q) N C5e(R2). We will denote the dual
space of LH*N(Q) by (LH*N(Q))" and similarly in other cases. For s > 1

WV, C Vi= 'V c Wyc V'C 'V/,i=1,2. Furthermore, we put v/ = %,
2 =2
at



YH={v|ve L*I;'V,), v € L*(I; 'V4(Q)), v(x,t,) = 0},
H={z|z € L*(I; *V,), 2’ € L*(I; *Vo()), z(x,te) = To(x)}.

We will denote by w; eigenfunctions of a canonical isomorphism 'A,: ' H*Y —
(LYY, . (w,v), = Awy,V)o W € LHY, [lw]lo = 1 and similarly we
define z; € 2H*".

Throughtout the paper we will assume that f'(x,t) € L?(I;(*H"N(QY))),
P(x,t) € L*(I;L>N(T,)), 96;;(x)/0x; € L), Vi,j € {1,...,N}, q €
LA3(I; L*(Ty)), T¢(x) € 2HY (1), p, §*, i are piecewise constant and positive,
W e L*(I; (*H"N (")), ki; € L>®(2) are Lipschitz on Q*, and satisfy the
usual symmetry condition !, = &, and s{;&E > cr|€]]f, x € Q, € € RY,
cp = const. > 0, FM LOO(FEZ), ffjl >0 a.e. on JI'*.

kol

For u,v € H"N(Q), T, 2 € H**(Q) we put

a(u,v)=> a'(u’,v') = Q/Q/lDij(u)Dij(v)dx,
=1

(W, v) =Y (u",v) = [ pulvix,
=1 Q

(T",2)=> (T",2") = / pe T zdx
0

=1

ar(12) =Y (T #) = [ myor Py,
=1

R.Aii
Q ”8:@ 81‘]‘

S(v) :Zi;SL(v‘) = /inv,-dx + /FT Puds = (F,v),

s(z)=)_s"(z") = / Wedx + | qzds = (Q,2),
=1 Q Lo
bo(v,g,2)= i bo(vh, g, 2") = / pcevk@zdx,
= Q Oxy,
b(u,v,w)= i: b (u', v, w') = / pui%wjdx,
= o Oz
I =305 () =2 [ a(Du(v)ax.

Kl
kL%

Jo V) =3 0sv) = [ FHISP v~ vilds
=1 U



S v = [ 25T
_;bs(T y V ) - /Q axj (/BZ_]T)U’LdX7

i Qv
:;bp(v ,Z):/Q/)Toﬁijaxj,%’dx

Let us multiply (15) by v —u(t) and (17) by z—T'(¢), respectively, and further
add both equations. We integrate the sum over {2 and apply the Green theorem
satisfying the boundary conditions. Then after some modification, including
among other the integration in time over the interval I, we obtain the following
variational (weak) formulation:

Problem (P),: Find a pair of functions (7,u) such that T € 2H, u € 'H
and

/[( (), v—u®) +(T'(t),z = T(t)) +

+a(u(t),v —u(t)) +ar(T(t),z — T(t)) + b(u(t),u(t),v —u(t)) +
+bo(u(t),T(t), —T(t)) + bs(T(t) — To, v —u(t)) +

Fhp(u(t), = — T(8)) + j(v(1)) = (b)) + jy(v(1)) — jy(ult))]dt >
> /I S(v—ult) +s(z — T(W)dt V(v,z) € ‘Hx 2H (25)

o

holds for a.a. t € 1.

From the above assumptions a(u,v) = a(v,u), ar(T,z) = ar(z,T) hold.
Moreover, they yield that for u € 'HMN(Q), T € 2H%(Q) there exist con-
stants cg > 0, ¢p > 0 such that a(u,u) > cgl|ul]} 5 for all u € "H'"N(Q),
ar(T,T) > cr||T||}, for all T € 2H"'(Q). Furthermore, we have (see [18])

1
1/2 1/2 1/2 1/2
b(a, v, w)| < callully S lulo X W IR Iwllo/ X[Vl 5= 5N,
uc 'H"N(Q), we H*V(Q),
1
1/2 1/2 1/2 1/2
bo,y, 2)| < es [l lallg % 205 12016 Il s = 5N

uc 'HYN(Q), z € H¥(Q),
b(u,u,u) =0, by(u,z,2) =0,

since Fr € L>°(T*), F¥ > 0, then j,(u(t)) > 0 and moreover, if u,v,w €
YH(Q) then b(u, v, w) + b(u, w,v) = 0, which is valid also for u € L*N(Q),
v,w e HYN(Q); b(u,u,v) = —b(u,v,u) for u,v € YH(Q). Similarly, by(u, y,
2) +bo(u, z,y) = 0 for u € *HON(Q), y, z € Hy''(Q).

The main result is represented by the following theorem:



Theorem 1 Let N > 2, s = % Let £ € L2(I;('V1(Q))), P € L*(I; L*>N

(T7), W e LX(I; (Vi(Q))), 322 € L(Q), Vi, j € {1,..., N}, g € LA(I; L?

(Tw)), Th € L*(I; L*(T,)), To(x) € HYY(Q), §, it are piecewise constant, k;j €

L®(Q), FM e L), F* > 0 a.e. on UTX. Then there exists a pair of
ol

functions (u,T) such that

ue L1 V(@) 0 L=(1; 'Wa(), u' € (15 (1Vi(Q))
Te LA(1; *Vi(2)) N L=(1; *Vo(Q)), w' € L*(1; (*Va(Q)) ,
ll(X, to) = 0, T(X, to) = TQ(X)

~— —

and satisfying the variational inequality (25).

PROOF. To prove the theorem the triple regulatizations will be used. Let
us introduce the regularization of j(v(t)) by

B 2
C1+4e

(1) | aDuv(@) 9 2dx, e >0 and (1L(v),v) 2 0.

(26)

Since the functional j,(v) is not differentiable in the Gateaux sense, therefore it
can be regularized by its regularization j,.(v). Let us introduce the function
. : R — R defined as 9.(y) = /(y?>+ €?) — €, regularizing the function
y — |y|. The function 1), is differentiable and the following inequality

[yl = ¢e(ly)l <e VyeR, >0

holds. Then the functional j,(v) will be regularized by its regularization j,.(v),
defined by

vl = [ FEISPH (e~ vilds and (jp.(0).v) = 0. (27)

The third regularization will be introduced by adding the viscous terms 7((u.,
(t),v))s and n((I.,(t),2))s, where s = & and 7 is a positive number. For
N = 2 we obtain s = 1 and 'H*V(Q) = 'HMN(Q), 2H>(Q) = 2HY(Q)
and the added viscous terms are of the same order as the bilinear form, and
therefore, it can be omitted. We remark that these terms have the physical
meaning as the viscosity.

10



Thus we will to solve the triple regularized problem:

Problem (P,),: Find a pair of functions (u.,,T.,) € 'H x *H such that

/[( uz, (1), v —usy (1) + (T2, (1), 2 — Ty (1)) + alue,(t), v — us,(f)) +

Far(Tey (1), 2 — Toy (1)) +b(usn( ) Uey(t), v — uey (1)) + 1((uey (), v

—uen(t)))s+n((Ta (1), 2 = Toy(2)))s +bo(uan() Tey(t), = = 1% ())+
Fbp(uzy(t), 2 — Ty (1)) + bs(Tey(t) — To, v — usy(t)) +5(v(E)) —

—j(usy(t)) + Jg(v(t)) — jg(uz,(t)))dt >

>/ (V= Uy () + 5(2 — Top(t))]dt ¥(v,2) € “H x 2H. (28)

m\

The method of the proof is similar to that of Theorem 3 in [9] and it is as
follows:

(1) the existence of the solution of (28) will be based on the Galerkin approxi-
mation technique;

(2) a priori estimates I and II independent of ¢ and 1 will be given;

(3) limitation processes for the Galerkin approximation (i.e. over m) and for
e — 0, n — 0 will be performed;

(4) the uniqueness of the solution of (25) for N = 2 can be proved only.

The existence of a pair of functions (u.,, 7%,) will be proved by means of the
finite-dimensional approximation. The proof is similar of that of Theorem 3
in [9]. We construct a countable bases of the spaces V() and 2V,(Q), i.e. each
finite subsets are linearly independent and span{v;|i = 1,2,...}, span{z;|i =
1,2,...} are dense in 'V,(Q) and 2V,(f2), respectively, as 'V,(Q) and 2V,(Q)
are separable spaces. Let us construct spaces spanned by {v;|1 < j, k < m},
{zi|l < j,k < m}. Then the approximate solution (u,,,7,,) of the order m
satisfies

(w, (£), V) + a(um(t), v;) + b(am (1), wn(t), v;) + n((am(t), v;))s +
+bs(Ton (1) = To, v;) + (G (i (1), v5) + (g (um(t), v;) = S(v;),

1<j<m.

(Tr,n(t)’ Zj) + aT(Tm<t)7 Zj) + bO(um(t)7 Tm(t)v Zj) + n((Tm(t)v Zj))s +
hy(un(t), %) = s(z;) 1<j<m, (29)
U, (x,t) =0 T(x,t) = To(x). (30)

Since {v;}7.;, {2;}jL, are linearly independent, the system (29), (30) is the
regular system of ordinary differential equations of the first order, and there-
fore (29), (30) uniquely define (u,,,7},) on the interval I, = (to,t,,). There-

11



fore, (29) is valid for every test function v(t) = Y7, ¢;(t)vi, t € I, and
z=Y",d;(t)z, t € I,,,, where ¢;, d; are continuously differentiable functions
onl,,it=1,...,m.

A priori estimate I:

Using assumptions, relations and estimates mentioned above, we have

m(1); W (), wp (1)) = 0, bo(m (), Ton(t), Trn(t)) = 0
(T (t) = To), wm (1) + bp(upm (8), T (1))] <
¢ )

b(u
bs (T,
(4 [T @)l l[wm O llo.5 + 1T () llo1[[wm (@) [[1,5) - (31)

<

Via the integration of (29), with Vj( ) = un(t), zj(t) = T(t), in time over
I;n = (to, tm), and since (jL(v),v) > 0, (j;.(v),v) > 0, using the ellipticity of
bilinear forms a(u,u), ar(T,T), due to (31), after some modifications as well
as applying the Gronwall lemma and then after some more algebra, we find
the following estimates

lun®llox < e te L, [ un@ydr < e n [ lun@)Eydr <c (32

ITn(®lox < e, te L, [ ITu@IEsdr < e n [ ITa(@IEsdr <c. (33)

From these estimates we obtain

{u,,(t),m € N} is a bounded subset in L*(I; 'H),
{n'?u,,(t),m € N} is a bounded subset in L*(I; V),
{T;.(t),m € N} is a bounded subset in L*(I; 2H),
{n*?u,,(t),m € N} is a bounded subset in L?(I; 2V).

To prove a priori estimate II, then similarly as in [4,8,9,12] the system (29), (30)
is equivalent to the following system

(w,, + Apuy, +nAu, + jl(w,) + j;a(um) + hm — F,v;) =0,
1<j<m, (34

with (30), where a(u, v) = (Apu,v), Ag € L(*Vi, V), ar(T, 2) = ar(ArT, 2),
Ar € LW, 2V)), ((0,v))s = (A, v), Ay € LOVL, V), (T 2))s = (T.T 2),
T, € L(2Vy, 2V)), b(um, W, V) +bs(Ty, v) = (hyn, V), hy € YK, C L*(1; 1V)),
bo(Wn, Tony 2) + bp(Winy 2) = (G 2)s gm € 2Ky C L2(I; 2V). Then applying
the technique of orthogonal projection and using the technique of [4] we find

that

12



u/, is a bounded subset of LA(1; 'V)),

S

T! is a bounded subset of L*(I; 2V). (36)

S

The limit over m (Galerkin), i.e. the convergence of the finite-dimensional
approximation for €, n being fixed and the limitation over £,77 — 0 finish the
existence of the solution (u(t), 7'(t)) satisfying (25). Uniqueness of the problem
for N = 3 is an open problem.

4 Numerical Approach

The investigated variational problem (25) may be solved numerically in its
dynamical and stationary flow (i.e. when the mass movements are uniform)
formulations. Next the ideas of numerical solutions will be shortly discussed
only.

(A) Dynamic case:

Let €, be a polyhedral approximation to € in R® and let its boundary be
denoted as 99, = I',, UL, UL, Ul,,. Let T, be a partition of Q, by tetrahedra
Th. Let h = h(7},) be the maximum diameter of tetrahedral elements 7;. Let
T, € T, be a tetrahedron with vertices P;, i = 1,...,4 and let R; be the
barycentres with respect to the points P;, i = 1,...,4. Assume that {%,} is a

regular family of partitioning T of €, such that Q, = U 75.
TheTh

Now let us introduce the main idea how to solve the problem (P). Let n be
an integer and set k = t,/n. Let

i+0 1 (+60)k . 40 1y /7
£i :%/ik f(t)dt, i=0,....,n—1,0< O <1, £ e 1V,

] 1 (i+O)k ;
W£+®:E/ W(t)dt, i=0,....,n—1,0< 0 <1, Wit®e V.
ik

We start with the initial data u® = 0, T° = Ty. When (u°,7°),..., (u’, T
are known, we define (u*t!, 1) as an element of 'V, x 2V,. The existence of
a pair of functions (u'™!, T""!) for each fixed k and each i > 0 can be proved.
As regards the spatial discretization, there are several classes of possibilities
for approximation 'V by its finite element space 'V}, [6,12,18]. In the present
paper we use the spaces of linear non-conforming finite elements 'V}, in the
visco-plastic part of the problem and of linear conforming finite elements 2V},
in the thermal part of the problem. Let 'V}, = {vu|vy; € P, @ = 1,...,N,
V7, € %, continuous in barycentres of tetrahedra B;, j = 1,...,m, and
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equal to zero in B; laying on ['yp, Z 81};”/8331 =0,v,=0,x€ NW},

i=1,...,
where P denotes the space of all non—conformmg linear polynomials and m is
a number of barycentres of tetrahedra, 'V}, = {v;|v, € "V}, vi, = uy on Ty}

and similarly, let 2V}, 2V}, be the spaces of conforming linear finite elements.

Given a “triangulation” 7;, of Qj, we assume (u?,T?) to be given in 'V}, x
2Vy, and, taken so that (u,T}) tends to (0,7p) in 'V}, x 2V}, when h — 0.
Moreover, we will assume that |[ul||, || 77| are bounded. We define recursively
for each k and h a family of elements (u9, 77), ..., (u},T}) of 'V}, x 2V}, which
can be based on implicit, semi-implicit and/or explicit schemes. In our paper
the semi-implicit scheme will be introduced and shortly discussed. The time
derivatives will be approximated by the backward differences. Since % =

i+O _ i i+1 i i+©
— -1y T, ~T}
Shoh b — S () < © < 1, then

W@ =0u"+(1-0)\u, T/"°=0T""+(1-6)T;,0<0<1,

, 1—0) . . . 1—-0) .
utt = @*1u;f@—< 5 )u;, T,1+1:@,;1T,;+@—( 5 )Tg,og@gl.

Scheme(P,;): When (u,T7),...,(u,T}) are known, then (u,™ 7;™) is a
solution in 'V}, x 2V}, of

EN (i —ul, v, — ul™®) + a,(uit® vy, — uﬁ@) +
—l—bh(uh, uh, vy — u?@) + bS(TfZL — Th,Vh — llh ) + ]h(Vh) — jh( H—@) +
+ign(vi) = Jgn(upt®) > (FpF vy —upt®) Vv, € V4, (37)

kT =Tz = T50) + agn (T30, 20 — T;,7°) +
+bon (), Th, 20— T€) + by (k" (), — ™), 2 = T;7©) =

Z (Q;j_@, Zh — Té—i_@) VZh € 2Vh . (38)

The scheme is valid for © > 1 ; for ® = 1 we have the semi-implicit scheme
and for ® = < we have the Crank Nicholson scheme.

Let | - |, be the norm in L2(Q), ([L2()]Y), || - || in Wi, 2V, and 2V,
2Vy. According to [18] |upn < dillunlln, |[unlln < Sh)|unln Yu, € VW,
Tl < dol|Thlln, | Thlln < So(h)|Th|n VT € 2V, do, dy are independent of
h. Furthermore,

bon (W, Thy 21)| < colun|n| Thlnllzalln Yun € Wi, VT, 21, € 2V,
|bn (an, vie, wi) | < duflup|nl[vallalWalln Vg, va, wy, € "V,
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where ¢y and d; do not depend on h,

b (g, wp, vi)| < Si(R)[aplllanllnlveln  Yau, v € "W,

where S;(h) < diS2(h),

bh(uh, uy, uh) =0 Vuh - IVh ,
bOh(uh, T}, Zh) + bgh(uh, Zh, Th) =0 VTh, z2p € 2Vh, Yu, € 1Vh ,
|05 (Th — To, ) + byn (wp, Th)| < (1 + [|Th|n[an]n + |Thlnllunlln)
VT, € QVh, Yu,, € 1Vh .

It can be shown that the (7}, u}) and (T;*!, u}t") defined by the scheme (Ps;)
satisfy for © > % the following conditions:

Theorem 2 Let the family of “triangulations” {Z,} be uniformly regular,

™

and let the angles in the tetrahedra be less or equal to 7. Let k,h satisfy
kSo(h) < do, kS(h) < dy, where dy, dy are positive constants independent of

k, h. Let © > 1. Then (T}, u},) are defined by the scheme (Py;) and

n—1 n—1
i <ec i=0,...,n, kY [upr <c, kY [upt =i <c, (39)
7=0 1=0

n—1 n—1
T <co, i=0,...,0, k> TN < co, kD |TH = Th[7 < co, (40)
1=0 1=0

hold, where c, ¢y are constants independent of k, h.

The scheme (Pg;) is stable and convergent. The proofs are similar of that
of [6,12]. The difficulty in practical computations is connected with the ap-
proximation of the constraint div v, = 0, i.e. the incompressibility condition
of Bingham’s fluid. For its approximation see e.g. [6,18]. The studied prob-
lem can be also solved by using the penalty and the regularization techniques
similarly as in the stationary flow case.

(B) Stationary flow case:

Now let us analyze the case when the mass movements are uniform and u; # 0,
Ty =0, i.e the boundary value problem (15), (16), (17), (18), (19)-(24a). Then
the investigated problem corresponds to the stationary flow of the thermo-
Bingham fluid in the region 2. The Eulerian coordinate will be taken as a
spatial variable. The analysis of the thermal part of the problem can be solved
by the technique as above. The analysis of the visco-plastic part of the problem
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will be based on the penalization, regularization and finite element techniques.
The algorithm then is parallel to that of [7].

Let us consider

Wi(Q) = {vlv € Y (@), VI, = w}, V() = {z]z € 2HY(Q),2lp, = 0},

where LHVN (Q), 2HY(Q) are defined above.

The problem (P), leads to the following problem:

Problem (P;;),: Find a pair of functions (T, u), u € Vi, T € ?V; satisfying
for every t € I =[0,1,], t, > 0,

a(u(t),v —u(t)) + b(u(t),u(t),v —u(t)) + bs(T(t) — Ty, v — u(t)) +

+i(v(t)) = j(u(t) +jy(v(t)) — Jy(u(t)) = S(v —u(t)) Vve W
(T'(t),z — T(t)) + ar(T(t),z — T(t)) + bo(u(t), T(t),z — T(t)) +
+b,(u(t),z —T(t) > s(z —T(t) Vze *Vq, (41)

T(x,to) = To(x). (42)

In connection with the given data, we suppose that 1V, # (), 2V; # () and that
the physical data satisfy the same conditions as above. Since the algorithm
of the thermal part of the problem (Psf), is parallel of that of the previous
case, we will discussed the idea of the solution of the visco-plastic part of the
problem only.

Let us introduce the space W, a closed subspace of H(Q), by

W = {V\V € HI’N(Q),V|FU =0,,|r, = 0,1}’; — Ufl =0 on UF’;Z} . (43)
kil

in which the incompressibility condition div u = 0 is not introduced.

Since the linear space V = 'V — u;,u; € 'V4, on which the variational
problem is formulated, contains the condition of incompressibility represent-
ing certain cumbersome for numerical solution, therefore we apply a penalty
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technique, similarly as in the case of incompressible Newtonian fluid (see [18]).
The penalty term will be introduced by

1
P(u.) = gc(ug,ue), c>0,

where

c(u,v) = /Q (div u)(div v)dx, Yu,ve H-N(Q).

It can be shown that for each £ > 0 the corresponding penalized variational
inequality has a unique solution and that its corresponding solution converges
strongly in H%"(Q) to the solution of the initial problem when & — 0.

To solve the penalized problem numerically we set @ = u — u; and then the
finite element technique will be used. Let W), C W be a family of finite element
subspaces with the property:

Vv € W there exists v, € W, such that v, — v in H*(Q) for h — 0.

Then we will solve the following problem:
Problem (Ps¢),: Find 6., € W, satisfying for every ¢ € I the variational

inequality

ap(Uep, Vi, — Uep) + by (Uen, Uen, Vi, — Uep) + bon (T, — Ton, Vi — Tep) +

. o . o 1 _
+Jh(Vh) - ]h(ush) + Jgh(Vh) - ]gh(ush) + gch(usha Vp — ush) >

> Sh<Vh — ﬁeh) Vv, € W, (44)
Lemma 3 Let U, be a solution of (44) for each h > 0 and let U. be the
solution of the penalized problem for a fivred € > 0. Then

U, — U, strongly in H"(Q) when h — 0.

The proof follows from Lemma A4.2 of [7].

Since the functionals j(v) and j,(v) are not differentiable in the Gateaux
sense, they can be regularized similarly as above. Let us consider the function
¥, : R — R, which regularizes the function x — |z|, defined by

Uy(z) = /(22 +7%) — 7.
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This function is differentiable and the following inequality | |z| — ¥ (|z])| < v
Vo € R,y > 0 holds. Then the functionals j(v) and j,(v) will be regularized
by their regularizations j,(v) and j,(v), defined by

72(V) = | 283, (1D(v +w) ).

)= [ FER5 2 (D0 ) Dl (v~ v (= ) s,

Then we will solve the penalized-regularized problem:
find U.py € W), satisfying

ap (ﬁsfyha v — ﬁe'yh) + bh (ﬁewm ﬁs’yhv Vp — ﬁsyh) +
+bs(Th — Ton, Vi — Ueyn) + Jyn (V) = Jon(Teyn) + Jgrn(Va) — Jgyn(Teqn) +

1
+gch(ﬁ57h’ vy — ﬁg,yh) > Sh<Vh — ﬁgvh) VVh S Wh. (45)

It is easy to show that the functionals j.,(v) and j,,,(v) are convex and
continuous, and therefore, the problem (45) has a unique solution U.,;, € W,.
As a result we have the following result:

Theorem 4 Let u. = U, +uy, where U, is a solution of the penalized problem
with homogenous condition on I'y, Uz, = Ve, + Ui, Ueyp, = Uy + wy for all
£,7,h > 0. Let (u,T) be the solution of the problem (Pss),. Then

(i) u. — u strongly in H%"(Q2) when e — 0,
(i

)

) U, — u. strongly in H"(Q) when h — 0,
(ili) ueyp — ugy, strongly in H"N(Q) when v — 0,

)

(iv) the semi — implicit scheme for thermal part of the problem
is stable and convergent. (46)

Then the visco-plastic part of the problem leads to solving the non-linear
algebraic system, which can be solved by e.g. the Newton iterative method.

5 Conclusion

A thermal convection problem of Boussinesq fluid with infinite Prandt]l num-
ber in a spherical shell has been used to describe the movements of the Earth’s
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mantle. Since from the mechanical point of the view the Bingham model rep-
resents a generalization of the Newtonian viscous incompressible fluid, it has
been used for mathematical models of Earth’s mantle movements, where the
global Earth’s data can be used. We have presented the corresponding varia-
tional problem, which leads to the coupled system of variational equality and
variational inequality. Numerical solution in its dynamical and stationary flow
formulations are discussed.
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