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Inverse problems
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Basic illustration
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Fredholm integral equation

Given the continuous smooth kernel K(s, t) and the (measured)
data g(s), the aim is to find the (source) function f(t) such that

g(s) = /K(s, t)f(t)dt + e(s).

/

Fredholm integral has smoothing property, i.e. high frequency
components in g are dampened compared to f.

1D example: Barcode reading

sharp barcode f(t) Gaussian blur measured data g(s)
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Example: Fredholm integral equation - discretization

1D example: Barcode reading

sharp barcode f(t) Gaussian blur measured data g(s)

g(s) = /IK(S, t)f(t)dt + e(s).
Using numerical quadrature formulas, we get a linearized model

b=Ax+e, with AcRVM pecRV xeRM,
where A has the smoothing property.
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2D Example: image deblurring problem

convolutlon

The data B € R™*" are naturally discrete. Using the vectorization
x = vec(X), b = vec(B), we obtain a deconvolution problem

b=Ax+e, with AecRVN —N=mn

The model matrix is typically large, sparse and structured.
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Naive solution

If A is square nonsingular, a naive approach is to solve directly
Axnaive =b

2D Example: image deblurring

—, P

convolution deconvolution

B naive solution
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3D Example: Electron microscopy

R R RN

PSF, % (Pof +€°)+eb =g,

f: Unknown function representing the particle

® w: Projection angle.

® PSF,: Point Spread Function.

P.: X-Ray transform: P,f(s):= [ f(t -w+s)dt, s€w".

o0

e, eb: Structure and background noise functions.

® g.: Measured data.

® x: Convolution operator.
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Discrete model (one projection)

e*)+eb =g, Continuous model

+
C, (I-:’wf—i— éf,) + ég =g, Discrete model

]
=" Volumetric data
x

~" Image plane

Figure: 3D grid discretization with unknown voxel values.
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Linear model
Consider a linear ill-posed problem

b= Ax+e,

where the noise vector e

® is an unknown perturbation (rounding errors, errors of
measurement, noise with physical sources, etc.),

® with the unknown noise level
5% = |lell/|lbll << 1

Properties of the problem:
¢ A dampens high frequencies (smoothing property),
® exact right-hand side is smooth, but noise is not,

® small changes in b cause large changes in the solution.
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Regularization by projection Propagation of noise Analysis of residuals
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Hybrid methods
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Naive solution - noise amplification

b= Ax+e,
A7lb=x+ Ale,

where [|Ax|| > |le||

where ||x|| < [|A~e]|

BUT

1D Example: shaw(400), §"°%¢ ~ le — 4, white noise

4 4 12107
3 3 0.5]
2] 2 0l
1] 1 -0.5|
1!
noisy b exact Ax noise e
43107 N 4x10°
2] 2 2)
1.5
0f 0]
1
-2 0.5 -2
-4 0 -4
—1 —1
A™b exact x A e

Conclusion
0000
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Naive solution - noise amplification
Singular value decomposition (SVD): R = rank(A)

R
A=UsVT => uloy;,
j=1
2 = diag{al,... ,JR,O,...,O},

where U = [u1,...,un] and V = [v1, ..., vpy] are unitary matrices.
Then

T bexact T

naive R uj €
xnaive = Afp — Ejl it D Y
J gj J=1 0j
xexact noise component
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Discrete Picard condition (DPC)

® singular values of A decay quickly without a noticeable gap;
® singular vectors u;, v; of A represent increasing frequencies;

e for the exact right-hand side, |(b***°", u;)| decay faster than
the singular values o; of A (DPC)

o 5. double precision arithmetic
~ - - 0, high precision arithmetic
i o U, u, u, u, ug Ug
© (6™, )|, high precision arithmetic 01 1 1 1 1 1
107
4 0 0 0 0 0
20 N
10 S5 0.1 0.1 0.1 0.1 01 ———o1
CIN 0 200 4000 200 4000 200 400 0 200 400 0 200 4000 200 400
%,
- N
10 N Yz Yy Yg Yo Ui Y12
% 01 1 1 1 1 1
%
10 @ 0 0 0 0 0 0
0 10 40 50 60 -0.1 0.1 0.1 0.1 0.1 0.1
singular value number 0 200 4000 200 4000 200 400 0 200 4000 200 4000 200 400
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Noise amplification

White noise: |(e,u;)|, j=1,...,N do not exhibit any trend

a‘
14
@ o Iby)lford, . = 10
o b, u)lfors,, 107
2 |(b, u)] for 3,
0 110 O

0 50 100 150 200 250 300 350 400
singular value number

naive R UJT b= < R ujT e
X = Afp= E vV + ) vj
N j=1 0j =1 oj
e ~

amplified noise

Components corresponding to small o;'s are dominated by eHF.
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2D imaging problem

For a blurred image B

. R uJ-T vec(B)
wnaive _ § T vj, X = mtx(x)’
j= oj
%i_/

scalar
is a linear combination of right singular vectors v;.

It can be further rewritten as

T
naive R4 VeC(B) mxn
xrve=3 Vi V;=mix(y) €R™

gj

using singular images V; (the reshaped right singular vectors).
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2D imaging problem: Singular images

Singular images V; € R™*" for 2D image deblurring model
(GauBian blur, zero BC, artificial colors).

E=c
M [
3= N EE
o ZEE N =
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Filtered solution
Unwanted components can be suppressed by

filtered R “ij filtered —1,T
X ere:g .1(/)j Vi, xered = oy U’ b,
= o;
j

J
where ® = diag(¢1,...,¢n). In image deblurring problem

U~T vec

Xﬁltered — ZR (Z) J (B) \/_]

. J i
j=1 oj

The filter factors are given by some filter function

¢ =o(,Ab,...).
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Classical regularization approaches

Spectral filtering (e.g., truncated SVD, Tikhonov): suitable
for solving small ill-posed problems.

Projection on smooth subspaces: suitable for solving large
ill-posed problems. The dimension of projection space represents a

regularization parameter.

Hybrid techniques: combination of outer iterative regularization
with a spectral filtering of the projected small problem.

. etc.
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Large scale problems

Direct filtering of SVD is too costly.
The method should avoid work with full A.

The method should take advantage of data properties
(sparsity, structure, ...).

® The approximation must be dominated by low frequencies,
high frequencies must be dumped.

We try to look for an approximation in some low dimensional
subspace Wy dominated by low frequencies.
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Outline

2. Regularization by projection
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Projection methods

Consider a subspace

Wk:span(wl,...,wk)CRN, Wi = [wi, ..., wg] e RVxk,
such that WkT Wy = I and w; are dominated by low frequencies.
Then we solve the projected problem

minkew, [|b — Ax|| & min cpk |[b— (AWL)y||

& WIATAW,y = W] ATb.
The question is, how to choose the basis w;?
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Projection using DCT basis

An example of a suitable basis is the DCT basis

W‘ W1 W3 W‘ W,
0.2 0.2 0.2 0.2 0.2
’ Gh\\\\\\\, G\\\\\///f G\\\J//ﬁ\\. i \\}/\\J
05 w0 e 0% s w000 8 10007 80
8 W? WB WQ W'D
0.2 0.2 0.2 0.2 0.2
02 02 02 02 02
0 50 100 0 50 100 0 50 100 0 50 100 0 50
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Projection using DCT basis

Example: Solutions computed using the DCT basis wy, . . ., w,
k=1,...,10

Projected solutions

2lk=1 n 2l k=2 n 2lk=3 n 2l k=4 n 2| k=5 n
1 ) )
1 b—r 1| 1 1 [ 1 1 1
7 i 11 = 3 " 1 rTo ]
Oﬂ D-’ 4 of A of L 0'
0 50 100 0 50 100 0 50 100 0 50 100 0 50 100
2| k=6 2| k=7 2| k=8 2| k=1 2| k=10
1 1 b 1 1
4] 0 0 0 0

0 50 100 0 50 100 0 50 100 0 50 100 0 30 100

A-priori known properties of the true solution (symmetry,
periodicity, etc.) can be imposed by well-chosen basis.
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Projection using DCT basis

Advantage:

With a fixed set of basis Fourier-type vectors, computations can be
performed efficiently, the basis is not stored.

Disadvantage:

The basis vectors are not always adapted to the particular problem.
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Krylov subspace methods

When A is large/sparse/not given explicitly, approximation by
projection onto a low dimensional Krylov subspace is advantageous.

Ki(C,d) = Span{d, Cd, ..., C*"1d}

K1(C.d) C Ka(C.d) C

For A square: K,(A,b) ... GMRES, CG, MINRES
K«(A, b) ... RRGMRES, MINRES-II
For A general: K,(ATA ATb) ... LSQR, LSMR, CGLS

naive

X —» X
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Key role of orthonormal basis

Generating Krylov vectors are smooth. In order to approximate less
smooth features, it is necessary to use orthonormal basis.

Example: Generating vectors and orthonormal basis vectors w;
(computed by Arnoldi process) for Ks(A, b)

A A'b AZb A’b A'b ASb ASb
o~ 0.15 o 0.1 [ 015
N\ N \
| 1\ | | i\ | A |
\ [\ - [ I [\ -
oosf| [ oaf [ | -00s| [t o] || -00s|| [| o1][ || -o0s \ |
\ \
| | I [ | [ |
O | O O L
o1l | [ o005 \‘ 11\ [ oos|f i '\‘ /‘ 05| e |
|
\ / - \/ [ \ / / | \/
\ \/ \/ \/
015 0 015 o—— 015 o o15——
0 50100 0 50100 O 50100 0 50100 50100 0 50100 50 100
w. w w w w. w w
o—1 7T 2 p2—3 02— 02— 02—& 02—L
| “I A A Y
‘ [ o1 f\ 01H ‘.\ o1l fy ‘ o m‘ 0.1 fl
oosf| | \ | \ | 1 i I
\ o | f | o | [ of ] of | 1] of 1]
O L T T VR I A I 1
\ | [ ] 1 o YU 0a] ] el V)
SRR EETIIY R Vi (
\/ \| Vol w2 02 -02 02
\ Y |
-015 02 02 03— o3t—
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Key role of orthonormal basis

Example: Generating vectors and orthonormal basis vectors w; in
frequency basis U (left singular vectors of A)

A% A'b A% Ab A'b A’b Ab
1 1 1 1k 1% 1 1%
08| 03| 08| 03| 08 038 03|
08| 08| 08| 08| 06 08 08|
04 04 04 0.4 04 04 04
02| 02| 02| 02| 02 02 02|
0 5 0 5 ) 5 0 ) 5 "0 5" 0
; Wy ; Wy 08 Wy N Wy 08 Wy Ws o Wy
’ 08|
08| 03| 06 08l
04 04
086 06 04 i
04 04
0.4 04 ¥ ¥
02| 02 02|
02| 02
0.2 0.2 " "
(] 5 0 5 0 5 o 5 (R U
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Inheritance of DPC

Example: Singular values o; of A and singular values 7; of Hy
from the Arnoldi process for k = 2,5, 8,5, 50,80

The projected problem Agyx = by then subsequently inherits DPC

properties of the original problem.
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Semiconvergence of Krylov subspace methods

With growing k:
® we include HF features to the solution,
® noise e propagates to the projection.

small k = over-smoothed solution large k = noisy solution

Xnaive
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Semiconvergence of Krylov subspace methods

Example: True errors and residual norms of LSQR approximations
xy for the problem shaw(400) contaminated by white noise e

I — T [ ||

Number of iterations = regularization parameter
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Stopping criteria

Since b — Ax®@°t — e, a reasonable requirement could be
nn=b—Ax, =~ e

Stopping criteria: this idea can be used if a priori information is
available, e.g.,

However, e is often not known.

Understanding noise propagation:
e consider K, (AT A, ATb) for a general A,
® study how e propagates to the projections,

® study the relation between e and ri, o, .. ..

le|| in DP, spectral properties of e (white) in NCP.
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Golub-Kahan iterative bidiagonalization (GK)
Given wo = 0,51 = b/ 1, 1= ||b]], for j =1,2,...
ajwj = Als = Bwia, wll=1,

Bitisit1 = Aw; — qjsj, Isj+all = 1.

® S, =[s1,...,5k] - orthonormal bases of K(AAT, b),
® W = [w,...,w] - orthonormal bases of (AT A, AT b),

® bidiagonal matrices of the normalization coefficients

a1

fo a2 Ly
Ly = , Lo = .
k ke |:e/;r5k+1:|

Br o
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Regularization based on GK
xx = Wiy, where the columns of W span K, (AT A, ATb)

LSQR method: minimize the residual

min Ax — b|| = min ||L — Bie
XEICk(ATA,ATb)H I yERk” k+y — Bre|

CRAIG method: minimize the error

min x* — x|| = min ||Lxy — B1e
XE’Ck(ATA,ATb)H ” yeRkH ky — Pred|

LSMR method: minimize A' ry

min AT AX_ b — min LT [_ . e
xelck(ATA,ATb)H ( )l yERK [Lks1liry — Braae|
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Noise propagation in GK
Recall that we are interested in the relation between

F=b-— AX — e.

Since xx = Wiyx € K(ATA, ATb), then

e = b— AWiyk = B1s1 — Skr1lisyk = Skr1pk € Kk(AAT, b).

M\MN\/\M/M/\N\/V\M)

Analyzed in [H., PleSinger, Strakos - 09], [H., Plesinger, Kubinova - 17].
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Exact and noise component in s

® s1.= b/[[b]| = Ax/[[b]] + e/][b]]

e for k = 2,3,...
Brt1Sk+1 = Awk — aesi
Thus
=
sk= () +we™, where v =0, 1(0) = (1) =[]
Pr i B

Here (-) is smooth and the amplification factor 7, of e/ is the
absolute term of the Lanczos polynomial,

sk1 = pr(AAT)b, oK € Py.
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Exact and noise component in s;

__ _exact noise
Sk =Sk + S
SS SG 57 SB S9
05 0.5 0.5 0.5 0.5
NAN AN o om0 0 (\/\I\/
-0.5 -0.5 -0.5 -0.5 -0.5
200 400 200 400 200 400 0 200 400 0 200 400
excct exact exact exact excct
55 S6 57 SS S9
0.5 0.5 0.5 0.5 0.5
oA oA 0 /] o~~—A o /\/\/\/
-0.5 -0.5 -0.5 -0.5 -0.5
200 400 200 400 200 400 200 400 0 200 400
s5 SG s7 58 59
0.2 0.2 0.2 0.2 0.2
0 0 0 |yl 0 0
-0.2 -0.2 -0.2 -0.2 -0.2
200 400 200 400 0 200 400 200 400 0 200 400
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Noise propagation in GK - behavior

The size of v, (on average) rapidly grows until it reaches the noise
revealing iteration ke,. Then it decreases.

Example: shaw(400), reortogonalization in GK

k=3 k=4 k=5 k=6 k=17 k=8
02 02 02 02 02 02
0—\/\ 0\/\/\ Dw OM OM ow
02 02 02 02 -0.2 02

10
_ — N
B A = \
3 S10° VN
10° . /,' - ~\, A I
0 5 10 15 20 0 5 10 15 20
k k
white noise colored noise
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Influence of the loss of orthogonality

Comparison GK with and without reorthogonalization:

S S, S S. SB Sg 510
J\/\WNV\M/MMNWVJ

s S, S 57 SB S9 510

10

10

10 5 10k 15 20 5 10k 15 20

with ReOG without ReOG

Aggregation may be necessary [Gergelits, H., Kubinova - 18].
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Noise propagation in GK - large 2D problems

Example: ,0isc ~ 1072, various physical noise, without ReOG

x10° 2
X 0
8 w0 "
6
4
10° 10
2
- -2
20 40 60 80 100 0 4o 0 80 100 10 20 40 60 80 100
k k k
vargaussianblur, seismictomo, paralleltomo,
N = 99856 N = 20000 N = 65160

There is no particular noise revealing iteration k, but rather a noise
revealing phase represented by a group of subsequent iterations k,
see [H., Pleinger, Kubinova - 17].
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Noise propagation in GK - large 2D problems

Example: seismictomo, dpoise & 1072, without ReOG

reshaped s

k=2 k=5 k=10 k=19 k=25 k=33
1 1 1 1 1 1
05 05 05 05 05 05
0 0 0 0 0 0

cumulative periodograms of s

Cumulative periodogram (examining distribution of frequencies) of
s10 is flatter, thus sjg belong to the noise revealing phase.
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Application in regularization process

® Stopping criterion - before noise propagates seriously to s.
® If ke, can be identified, we can estimate the high frequency
part of e:

F

_ HF HF
sI<I’eV == (‘) + rykrev e ~ ,ykrev e

gives the estimate by scaled left bidiagonalization vector

M2

— 1
- ’ykrev skrev'

® \We can obtain a cheap estimate of the unknown noise level
lle|l/|l b]|, see [H., Kubinova, Pleginger - 16] for application in
image deblurring.
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Noise estimate for shaw(400)

-

1x10° 10
10°
White: o d
10 o
o -0.5/ -
10° 0 102
Data correlated:,; ons
0l 0}
o ~0.005
00 §
10* o 10°
High-frequency: | o00s )
0]
. ~0.005| -
N B
10°
0. 0.
Low-frequency:
1072 -0.005| -0.005(
0. -0.
o~ 44/64
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Comparison of noise reduction to spectral filtering

shaw (400), white noise
exact A—1 bmod XT—SVD XTikh

phillips(400), white noise

Xexact A—1 bmod XT—SVD XTikh
0.5 0.5 0.5 0.5
N2 N N 0 NG A 0 N R O N
-0.5 -0.5 -0.5 -0.5
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Regularization based on GK

Recall that we are interested in the relation between

b— AX — e.

F
For GK based methods with x, = Wy, € ICk(ATA, ATb), we have

e = Sk41Pk-

M\MWWMM’\/\/\N\/

Based on noise propagation in Sk, we can analyze CRAIG, LSQR,
LSMR by studing pg, see [H., Kubinovs, Pleginger - 17].
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Residual of CRAIG method

Conclusion
00000 0000

min x* — x|l = min ||L,y — Bqe “ =W
XEICk(ATA,ATb)H | yeRkH k= Bredl, x kYk

Theorem: X,SRA'G is the exact solution to the consistent system
CRAIG -1
AXk =b— (pk(O) Sk+1-

Consequently, [|rCRAIC | = [ (0) 1| = [7jc41|* reaches its
minimum in the noise revealing iteration.

— 1

5 10 15 20
3

CRAIG residual inverted ampl. factor
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Comparison of the error and the residual

Measuring the size of the residual seems to be a valid stopping
criterion for CRAIG. The minimal error is reached approximately at
the iteration with the minimal residual.

=il N
10
- l1x, = xII

0 5 0 15 20 0% 5 0 15 20 10 20 30 40
k Kk k
shaw (400) phillips(1000) phillips, no ReOG
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Residual of LSQR method

min Ax — bl| = min ||L _ Be “ =W
XGICk(ATA,ATb)H I yeRkH k+y — Bretll,  xk Yk

Theorem: The residual corresponding to x'k‘SQR satisfies
1 k
LSQR
I R — =k _u E ©1(0)S/41.

a Z;(:o ‘PI(O) 1=0

Consequently, the size of the component of r, in the direction of s;

is proportional to the amount of propagated noise e/F in Sj.
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Comparison of CRAIG and LSQR

Typically, LSQR can reach better approximation than CRAIG.

5 10 15 5 10 15 10 20 30 40

shaw (400), white gravity(400), Poisson phillips(400),
white, no ReOG
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Residual of LSMR method

min AT(Ax — b)|| = min ||L] ;L — frage
ek (AN ATS) AT )l Ly [Les1lery — Braae|
Components of r, in LSMR behave similarly as in LSQR. The
errors resemble as long as |1(0)| (the absolute term of the
Lanczos polynomial for GK vectors wy) grows rapidly.

10°] T
N
1010 T 10° N -
5 10 15 - 5 10 15 ; 10 20 ;;0 ;40
shaw (400), white gravity (400), Poisson phillips(400),

white, no ReOG
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Comparison of noise and residuals

e— 1y, shaw, dppice = 0.001

)
-
~
2
g
k=2 k=3 k=4 k=5 k=6 k=7 k=8 k=9 k=10 k=11 k=12
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Comparison of the methods - large 2D problems

Example: seismictomo(100,100,200), white noise,
5noise — 0‘01, Ac R20000><10000, no ReOG

20 40 60 80 100
k

CRAIG error and residual

]
- [l
PYOTR;

CRAIG vs LSQR

10°
10t
10°
10°
10°

20 40 60 80 100
k

LSQR vs LSMR
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Analysis of residuals
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Comparison of reconstructions

Reconstructions for seismictomo(100,100,200). Iteration is
selected as k = argmax,_; 5 |k(0)].

~|SS

exact solution noisy projections LSQR LSMR

55/64



Outline

1. Inverse problems

2. Regularization by projection
3. Propagation of noise

4. Analysis of residuals

5. Hybrid methods

6. Conclusion

56/64



is of residuals Hybrid methods Conclusion
)OO0 00000

Basic idea

Two stage inner (Krylov projection) - outer (direct) regularization.

Algorithm: Hybrid LSQR

® Golub-Kahan iterative bidiagonalization
® Lty = Brer

® Tikhonov regularization of the projected problem
* yi =argmin{|[Liry — Bred3 + X[y (3}
° Parameteyr selection approach.

® Back projection x,f‘ = ka,f‘

® Stopping criterion.

See [Calvetti, Reichel - 03], [Chung, Nagy, O'Leary - 08], [Kilmer, Hansen,
Espafiol - 07], [Renaut, H., Mead - 10], [Chung, Palmer - 15], ...
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Hybrid methods
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2D image deblurring

Examples: Satelite and grain test image, Gaussian blur, white
noise with dn0ise = 0.05.

True Image Blurred & 5% noise
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2D image deblurring
Example: LSQR and LSMR with inner Tikhonov regularization

@ |—a-LSQR —a-LSQR
- - -hybrid LSQR & - --hybrid LSQR

0.55] —e-LSMR 0.55r § —e—LSMR
——hybrid LSMR 3 —hybrid LSMR

0.5

0.45]

relative error
o
=
&
relative error

0.4

[ ] 0.35]

o 50 100 150 o 20 40 60 80 100
iterations iterations

Satelite image Grain image

® overcomes the semiconvergence phenomenon,

® two regularization parameters (outer - number of iterations,
inner - direct regularizer) must be tuned.
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[e]e]ee] }

2D image deblurring - reconstructions

Blurred & 5% noise LSMR hybrid LSMR

60/64



Outline

1. Inverse problems

2. Regularization by projection
3. Propagation of noise

4. Analysis of residuals

5. Hybrid methods

6. Conclusion

61/64



Conclusion
000

Conclusion

Iterative projective regularization is a powerfull tool to solve
large problems.

Noise propagates subsequentially to the projections, early
stopping is necessary.

Combinations of projection and direct regularization is
advantageous.

Constraints (e.g. nonnegativity or sparsity of the solution) can
be incorporated.
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Selected references
Software:
® S. Gazzola, P. C. Hansen, and J. G. Nagy: IR Tools Version 1.0,
20109.
e P. C. Hansen, and J. S. Jrgensen: AIR Tools Il Version 1.0, 2018.
e P. C. Hansen: Regularization Tools Version 4.0, 2007.

Overview books:

® R C. Gonzalez, R. E. Woods: Digital Image Processing, Pearson,
4th Edition 2018.

® M. Hanke: A Taste of Inverse Problems: Basic Theory and
Examples, SIAM, 2017.

® P. C. Hansen: Discrete Inverse Problems: Insight and Algorithms,
SIAM, 2010.

e P. C. Hansen, J. G. Nagy, and D. P. O'Leary: Deblurring Images:
Matrices, Spectra, and Filtering, SIAM, 2006.
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Thank you for your
attention!
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